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ABSTRACT. We give a new definition—and in some cases, a new construction—of integral canonical
models of Shimura varieties that uses the notion of an aperture appearing in work of the first author
with Gardner on some conjectures of Drinfeld. This applies to Shimura varieties of pre-abelian
type at odd primes of hyperspecial level, recovering and extending previous work of Kisin, Kim—
Madapusi and Imai-Kato—Youcis, but also to exceptional Shimura varieties for large enough primes.
The characterization in the exceptional case is a priori different from the one recently shown by
Bakker—Shankar—Tsimerman, and recovers many of their results, such as the existence of prime-to-p
Hecke operators, the non-emptiness of the p-ordinary stratum and the theory of the canonical lift.
In fact, we give a uniform proof of the non-emptiness of all possible Newton strata, and—in the pre-
abelian case—of the non-emptiness of Ekedahl-Oort strata and central leaves as well. An important
ingredient in the proofs is a generalization of Tate’s full faithfulness theorem for p-divisible groups
to the context of apertures. This leads to a mapping property for the integral canonical model that
characterizes maps into it from all normal, flat and excellent schemes over Z,).
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The purpose of this article is to lay the groundwork for applying the results of [28] to global
questions. In doing so, we give a primarily p-adic characterization of integral canonical models of
Shimura varieties at unramified primes, including for those of exceptional type considered by Bakker—
Shankar—Tsimerman [4]. This characterization is a priori different from the primarily ¢-adic ones given
in op. cit. and others, and is closely related to the ones introduced by Pappas [77] and Imai-Kato—

Youcis [41]. For Shimura varieties of abelian type, this method actually gives a new interpretation of

Kisin’s twisting construction, and extends to give models for Shimura data of pre-abelian type.’

Ipre-abelian Shimura data have a simple type-theoretic characterization: the adjoint datum is of type A, B, C, D¥, or
DM, The first non-trivial example of one that is not of abelian type is a type D™ Shimura datum with simply connected
derived subgroup—see Example 7.7.3.
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1.1. Definition and characterization. The key observation animating this paper is that apertures,
the mixed characteristic analogues of the local shtukas of Genestier-Lafforgue, introduced by Drin-
feld [25] and studied in the work of the first author with Gardner [28], have very strong connections
with the integral theory of Shimura varieties, and in fact characterize the ‘good’ models completely,
reifying an expectation of Drinfeld [25]. Significant progress along these lines was made in [41], where
it is shown that the prismatic realization on an integral model of a Shimura variety of abelian type is
sufficient to pin down the model at finite level, without considering the whole prime-to-p Hecke tower.

Our primary aim here is to situate this result in what we believe to be the right context, and to
substantially broaden the kinds of Shimura data it applies to by exploiting the geometry made available
by the theory in [28].

Setup 1.1.1. Fix a prime p. An unramified Shimura datum is a triple (G, G, X) where (G, X) is
a Shimura datum and G is a reductive model of G over Z,. We also set K,, = G(Z,), and only consider
level subgroups K C G(Ay) of the form K,K? for a neat compact open subgroup K? C G(A’}). We
call the tuple (G, G, X, K) an unramified Shimura tuple. We also fix a place v|p of the reflex field E
of (G,X). Over the associated Shimura variety Shx, we have a canonical G°(Zy)-local system Etg ,,
where G° is a reductive model over Z,, of the cuspidal quotient G¢ (see §6.1).

Remark 1.1.2. The Shimura datum gives an E,-rational conjugacy class of cocharacters {iu,}. We
in fact have a representative p,, : GmﬁE,U — Q(jEU for {p,}. We may view each u, as a cocharacter of

G6, - We can then attach the smooth algebraic formal stacks BT%C’_““ over O, constructed in [28].

We can also consider their inverse limit BT, 7.

These stacks generalize the formal stacks of (truncated) polarized p-divisible groups of height 2¢g in
the case of the Siegel Shimura data, and give a group theoretic way of defining ‘p-divisible groups with
G°-structure’ without actually requiring one to work with p-divisible groups. Moreover, they can be
constructed from data that is not necessarily of ‘Hodge type’, and so in cases where there might not
be any connection with p-divisible groups at all.

Remark 1.1.3. For any p-adic formal algebraic space X, there is a canonical étale realization functor
Tew: BT, ™ (X) — Locge(z, ) (X),

where the right-hand side is the groupoid of G°(Z,)-local systems over the generic fiber of X. When
(G, X) is the Siegel Shimura datum, then what we have here is simply the functor taking a polarized
p-divisible group to its Tate module viewed as a symplectic space.

Definition 1.1.4 (Crystalline integral canonical models). An integral model® #x for Shx over O, ()

with v-adic formal completion .#x is a crystalline integral canonical model (crystalline ICM
for short) if the following conditions hold:

(1) (Serre-Tate property) There exists a formally étale map of p-adic formal stacks over Spf O,
w: 2( — Bng‘“v,

such that the induced G°(Z,)-local system on the generic fiber is isomorphic to Etg .
(2) (Pointwise criterion) For any mixed characteristic (0,p) complete discrete valuation field F
over O, with perfect residue field and = € Shy (F)?, the following are equivalent:
(a) x € y[{(ﬁp),
(b) Etg s is a crystalline G°(Z,)-local system;
(c) Etg |, is a potentially crystalline G¢(Z,,)-local system.

2By ‘integral model’, we will mean a separated algebraic space of finite type over Op (,) whose generic fiber is
equipped with an isomorphism to Shx as an E-scheme. In practice, the models we encounter will be quasi-projective
schemes, but, even for Siegel modular varieties, knowing this requires a non-trivial result of Mumford.

3Here and elsewhere, we will write Shy (F) for what should properly be written as (Shx ® g Ey)(F).
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With this definition in hand, we get the following quite strong mapping property.

Theorem A (Mapping property of crystalline ICMs, Theorem 6.5.4). Let Sk be a crystalline ICM
over O, (). Suppose that we have a normal flat excellent algebraic space X over O (). Then giving
a map X — Sk of Og )-schemes is equivalent to giving the following data:

(1) a map f: X, — Shg;

(2) amapn: X — BT with the associated G°(Zy)-local system on /'?,7 isomorphic to EtK7p|/,§n.

In particular, the crystalline ICM Sk is unique up to unique isomorphism, and is functorial in the
unramified tuple (G, X, X, K).

Remark 1.1.5. The proof of the theorem is based on an argument of Pappas [77, Theorem 7.1.7].
His use of Tate’s full faithfulness theorem for p-divisible groups is replaced with that of a version for
apertures; see §1.6 below. A closely related argument also appears in [41, Theorem 3.13].

Remark 1.1.6 (Mapping property for Pappas—Rapoport models). The method of proof of Theorem A
combined with a fully faithfulness result of Pappas—Rapoport [78] establishes a mapping property for
integral models at parahoric levels satisfying the axioms from loc. cit.; see Theorem 8.6.17.

For p > 3, we have a simpler mapping property for crystalline ICMs with respect to smooth O, (.-
schemes.

Theorem B (Pointwise mapping property, Proposition 7.8.2). Suppose that p > 3, that Sk is a
crystalline ICM for Shi, and that X is a smooth O (,)-scheme with generic fiber X. Then for a map
f: X — Shg, the following are equivalent:

e f extends to a map X — Sk ;
o for all finite extensions F/E, and all x € X(OF) the local system Etg p|, is crystalline.

Thus, if Sk is proper over Op (), then it is a Néron model for Shy in the sense of [12, Definition
1]: For any smooth O (,y-scheme S, every map S, — Shy of E-schemes extends to a map S — Sk .

In terms of existence of such models, we have:

Theorem C (Pre-abelian-type canonical models, Theorem 7.7.6). Suppose that one of the following
conditions holds:

(1) (G,X) is of abelian type;

(2) p>2 and (G, X) is of pre-abelian type.
Then, for K? sufficiently small, Shx admits a crystalline ICM over Og (,y. In fact, in case (1), the
models constructed by Kisin [49] (and Kim-Madapusi [47] for p =2) are crystalline ICMs.

See §1.4 below for a more detailed comparison with existing results.

Remark 1.1.7 (Yet another canonical model?). The experienced reader may be wondering at this
point if the world really needs yet another notion of integral canonical models for Shimura varieties.
The arguments we would proffer in favor of the definition here—which we believe to be the correct
one—are as follows:

(1) First, of course, one has the quite pleasing mapping property from Theorem A.

(2) Accounting systematically for the prime-to-p realizations in the form of a limpid ICM (see
below), one can deduce various non-trivial properties for such models using only their defining
features, without invoking any moduli interpretation, as we will see in the next subsection.

(3) Finally, in forthcoming work of the first author with Si Ying Lee [60], one will find that various
properties of integral models of abelian type (Rapoport—Zink uniformization, existence of CM
lifts, Igusa stacks, Langlands—Rapoport type point counting formulas, etc.), for which the use
of abelian varieties has hitherto seemed essential, are in fact properties of all limpid ICMs as
defined below.
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1.2. Limpid ICMs and their properties. To present our further results, we will need a slightly
enhanced definition of an ICM.

Remark 1.2.1 (Prime-to-p étale realizations). For ¢ # p, we also have K§-local systems Etg , over
Shg, with K§ C G°(Q¢) a compact open subgroup given by the image of K under the projection
G(Af) — GC(QZ)

Definition 1.2.2 (Limpid integral canonical models). A crystalline ICM ., for Shi over O (. is
limpid if, for all £ # p, the Kj-local system Etg , extends over A

Remark 1.2.3 (Pre-abelian ICMs are limpid). In the context of Theorem C, crystalline ICMs are in
fact limpid. This follows from our proof, which uses the three theorems of this subsection—theorems
that do not use any sort of moduli interpretation—to reduce to the essentially standard fact that the
moduli of principally polarized abelian schemes with appropriate level structure are limpid ICMs for
Siegel modular varieties.

Theorem D (Integral canonical models from reduction of structure group, §7.2). Suppose that we have
a map (G,G, X, K) — (G*,G* X% K*%) of unramified Shimura tuples with G — G* a closed immersion
of reductive group schemes. If Shys admits a crystalline (resp. limpid) ICM over Ogs 1y (for the
place v* | p of the reflex field E* C E lying under v), then so does Shy.

Remark 1.2.4. Theorem D is already known by work of Pappas—Rapoport and Daniels—van Hoften—
Kim—Zhang in the context of Pappas—Rapoport canonical models, even for quasi-parahoric level struc-
tures; see [17, Theorem 4.1.8].

Next, we have two results concerning the behavior of limpid ICMs under central modifications.

Setup 1.2.5. We will fix a map of unramified Shimura tuples (G1,G1, X1, K1) — (G2,G2, Xo, K3)
with reflex fields F5 C F4 such that G; — G is surjective with central kernel. We will also fix a place
v1|p of Eq and let vs|p be the place of Ey under it.

First, we have the following ascent statement. which implies that constructing ICMs for adjoint
Shimura data is sufficient to construct them for all Shimura data:

Theorem E (Ascent of ICMs along central isogenies, Theorem 7.5.4). Suppose that p > 2 and that
Go = GS. If Shi, admits a limpid ICM S, over ﬁE27(U2), then Shg, admits a limpid ICM Sk, over
OE, (v1), and the map Sk, — Lk, 1s finite étale.

Remark 1.2.6. There is an obvious way to construct an integral model .”k, for Shg, from an integral
model .#, for Shg,: One can take the normalization of ., in Shg,. The issue is to show that this
preserves the property of being a limpid ICM. The heart of the matter is to see that .7k, is finite
étale over .“i,. We prove this by showing it holds for the restriction to the p-ordinary locus and using
purity. Over the p-ordinary locus, we need the theory of the canonical lift; see Theorem K below. The
fact that the canonical lift is CM makes use of the prime-to-p realizations, and so requires us to have
a limpid and not merely crystalline ICM.

Remark 1.2.7. The idea of using the p-ordinary locus and canonical lifts to prove something like an
ascent theorem shows up in a different form in work of Vasiu [96, §4.9).

Remark 1.2.8 (Sufficiency of adjoint data). Theorem E tells us that, when p > 2, in order to construct
limpid ICMs for tuples with underlying data (G, G, X), it suffices to do so for tuples with underlying
adjoint Shimura data (G&4,Gad, xad),

Next, we have an abstract form of the twisting construction from [50], which uses the modified Weil
restriction given in Definition 7.6.12 below.

4Note that this is a property of the unique crystalline ICM when it exists.
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Theorem F (Descent of ICMs along central isogenies, Theorem 7.6.23). Suppose that G = G¢, that
Gt s simply connected®, and that, for every totally real number field F in which p is unramified,
all unramified Shimura tuples with underlying unramified Shimura datum Res’F/Q (G1,G1,X1) admit
limpid ICMs over Og, (v,) - Then, for K sufficiently small, Shg, admits a limpid ICM Sk, over
Ok, (v, and the map Sk, — Sk, is finite étale.

Remark 1.2.9 (Role of the modified Weil restriction condition). The role of the condition is to
overcome the fact that, in the generality that we work with here, we do not have a good intrinsic
notion of ‘F-linear isogenies’ between points on the Shimura variety.

In the context of Shimura varieties of Hodge type, such isogenies, defined through the F-linearization
of the isogeny category of abelian varieties, are an important actor in Kisin’s twisting construction.
This is replaced here by a notion of isogeny obtained via restriction from the ICMs for the modified
Weil restrictions (in fact from the actual Weil restrictions). The condition of being of Hodge type is
preserved under the modified Weil restriction construction, and so this gives another perspective on
the construction of Shimura varieties of abelian type from those of Hodge type. More than anything
else, this is a proof of concept that one can replace arguments using isogenies between abelian varieties
with ones involving structural properties of ICMs.

1.3. Exceptional Shimura varieties. To show the existence of ICMs beyond the pre-abelian context,
we need to change our definition to prioritize the prime-to-p realizations more than we have so far.

Definition 1.3.1 (Etale integral canonical models). An integral model Z for Shy over ﬁE7(v) is an
étale integral canonical model (étale ICM for short) if it satisfies the Serre-Tate property, and
if the following conditions hold:

(1) (Etale realizations) For all £ # p, the K§-local system Etg ¢ extends over ..
(2) (Pointwise criterion) For any mixed characteristic (0,p) discrete valuation field F' over Op,
and = € Shg (F), the following are equivalent:
(a) z € Sk (Op);
(b) Etg |, is an unramified Kj-local system for all £ # p;
(c) Etg |, is a potentially unramified K§-local system for all ¢ # p;

Remark 1.3.2 (Mapping property for étale ICMs). There is a variant of Theorem A for étale ICMs
(see Theorem 6.5.4): One has to also require that, for all + € X(0p) C X,(F), the local systems
Etg ¢|, over Spec F' are unramified for all £ # p. In particular, one finds that étale ICMs are unique
up to isomorphism and functorial in unramified tuples.

Remark 1.3.3 (Limpid vs. étale for proper ICMs). If .k is proper, then the pointwise criteria are
irrelevant, and a limpid ICM is the same as an étale ICM.

Remark 1.3.4 (Pre-abelian ICMs are also étale ICMs). The limpid ICMs for pre-abelian Shimura
variety are also étale ICMs. This comes down to the fact that, for an abelian variety A over a local
field, unramifiedness of the ¢-adic Tate module (by the usual Néron-Ogg—Shafarevich criterion) and
crystallinity of the p-adic Tate module (by a result of Coleman—Iovita [15, Theorem 1]) are both
equivalent to saying that A has good reduction.

Remark 1.3.5. In all the results of §1.2, one can replace ‘limpid ICM’ with ‘étale ICM’ without
affecting the conclusions. The proofs of Theorems E and F depend mainly on the existence of the
universal aperture and of prime-to-p Hecke correspondences.

With this setup, we now have the following version of the theorem of Bakker—Shankar—Tsimerman [4]:

5This condition can be relaxed; see the statement in the body of the paper.
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Theorem G (Exceptional integral canonical models, §7.9). For an unramified Shimura tuple (G, G, X, K),
and all p large enough, an étale ICM ¥ exists over Og () for any v|p. If Shy is proper (equivalently,
if G* is anisotropic), then Sy is in fact a limpid ICM.

Remark 1.3.6. Given Theorem C, the content of Theorem G is of course that it applies to the so-
called exceptional Shimura data that are not of pre-abelian type and hence cannot be related to the
moduli of abelian varieties in any reasonably direct way.

1.4. Comparison with existing results.

Remark 1.4.1 (Comparison with existing notions of canonicity). Our notion of canonicity is different
from the ones appearing in [73], [49] or [4], which only use ¢-adic realizations for ¢ # p to characterize
the model. Also, the characterizations appearing in the first two of these, are not of models at any
finite level, but of the whole prime-to-p Hecke tower. As such, they are slightly tricky to formulate
and check. Also, our definition of ICMs is intrinsic to an integral model, with the mapping property
arising as a consequence, while in the other three require some external input: either consideration of
the full prime-to-p Hecke tower, or of the existence of a sufficiently pleasant compactification.

The notion of a crystalline ICM here was introduced by Imai-Kato—Youcis [41], and this in turn
has its antecedents in the work of Pappas [77] and Pappas—Rapoport [78]. The important observation
that this should give a characterization at finite level is found in [41].

Remark 1.4.2 (Comparison with the work of Kisin). The first general construction of integral canon-
ical models of abelian type is due to Kisin [49]; see also the earlier work of Vasiu [95, 96]. For Shimura
varieties of Hodge type, what one will find in this paper is essentially a streamlined version of the
arguments in Kisin’s work, making use of the geometry of the stacks BT%C"”” to compress some of
the p-adic Hodge theory used there.

To construct Shimura varieties of abelian type, Kisin introduces his twisting construction, which
ultimately uses the global moduli interpretation of Siegel-type Shimura varieties in terms of abelian
varieties. We actually give a different approach to twisting here. The main new observation here is
that one does not need a moduli description: One can formulate the construction in a way that is valid
for all maps between Shimura data where the underlying map of groups is a central cover. We also
make the additional new observation that the theory of the canonical lift for p-ordinary points suffices
to also lift crystalline ICMs along central covers, at least when p > 2. This leads to our construction
of ICMs of pre-abelian type.

Remark 1.4.3 (Comparison with Imai-Kato—Youcis). The verification that the models constructed
by Kisin are crystalline ICMs in the sense used here is originally due to Imai-Kato—Youcis [41]. The
proof we give here is different from that in [41] and works also when p = 2 where the models were
constructed by Kim-Madapusi. But we do make use of intermediate results from [39, 40, 41].

Remark 1.4.4 (Comparison with Bakker—Shankar—Tsimerman). The idea that one should be able to
provably characterize integral canonical models of all Shimura varieties, including those not of abelian
type, first appears in the already mentioned recent work of Bakker—Shankar—Tsimerman. Their results
extend beyond the ambit of Shimura varieties, and apply to integral models of non-minuscule variations
of Hodge structure. This is in some sense the main philosophical difference between these works: Here,
we make full use of the minusculeness (though in the sense of G-bundles, not just vector bundles) of
the family of realizations over a Shimura variety, for instance, in the form of the full faithfulness result
Theorem L. But these methods say nothing about what happens beyond the minuscule regime.

The étale ICMs here are also canonical in the sense of Bakker—Shankar—Tsimerman and our proof
of canonicity is independent from theirs—though it uses essentially the same inputs. Moreover, the
lower bound on the prime p is a priori smaller than the one in op. cit.: for instance, it depends only
on the underlying adjoint Shimura datum.
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1.5. Applications. Below, the term ‘ICM’ without further qualification can mean any one of crys-
talline, limpid or étale ICM. Our first application is essentially an algebraization result for apertures.

Theorem H (Surjectivity of the syntomic realization, Theorem 8.1.8). Suppose that Shyi admits an
ICM Sk over O () and that one of the following conditions holds:

(1) the Shimura datum (G, X) is of pre-abelian type;

(2) the ICM ¥ is proper.
Then, for allm > 1, the map of formal Artin stacks

S — BT%C’_M”
18 smooth and surjective.

Remark 1.5.1. The result in the body of the paper shows that the surjectivity holds when (G, G, X, K)
satisfies the de Jong extension property as in Definition 8.1.3. The cases listed in Theorem H are
the ones where we can verify this extension property; but we expect that it is valid for all ICMs.

Remark 1.5.2. The surjectivity assertion above is already known for Shimura varieties of PEL type
by work of Viehmann—Wedhorn [98]. Their proof amounts to first establishing the non-emptiness of
Newton strata, followed by an argument via isogenies. A similar argument works for Shimura varieties
for Hodge and perhaps even abelian type, but one has to work quite a bit harder by appealing to the
non-emptiness results of [59] or [51], as well as to some deeper results from [50] on p-isogenies betwen
mod-p points of the Shimura variety.

The proof given here, on the other hand, is entirely geometric, works uniformly for all Shimura
varieties of pre-abelian type, and requires no a priori knowledge of non-emptiness statements or of the
existence of isogenies. In fact, it can be used to deduce such statements.

Theorem I (Non-emptiness of Ekedahl-Oort strata, § 7.4, § 8.2). Suppose that Sk is an ICM. Then
there exists a smooth map of stacks

Sk k() — G°-zip_,,, .
Here, the right-hand side is the stack of G°-zips of type -p., defined in [82], and admits a canonical
open and dense stratum known as the p-ordinary stratum. Moreover:
(1) The p-ordinary locus of Sk @k(v) (which is the pre-image of the u-ordinary stratum) is dense.

(2) If Sk satisfies the hypotheses of Theorem H (so in particular if Sk is pre-abelian), then this
map is also surjective: That is, all Ekedahl-Oort strata of the special fiber are non-empty.

Remark 1.5.3. The non-emptiness of Ekedahl-Oort strata for Shimura varieties of PEL type is due
to Viehmann-Wedhorn [98], and is also known in the abelian type case by work of Shen-Wang [90]
(though also see earlier work of Wortmann [101] and [103]). The proof of Shen—-Wang once again uses
deep results of Kisin from [50]. On the other hand, our proof is essentially an immediate consequence of
Theorem H, and the fact (shown in [28]) that there is a natural smooth surjective map BT ™" QF, —
G- zip_ Lo

There is another stratification where we can show non-emptiness for all ICMs: the Newton stratifi-
cation using the Kottwitz set B(G€, {-p, }) defined in [56] and studied in [84].

Theorem J (Non-emptiness of Newton strata, Theorem 8.2.2). Let .k be an ICM for Shx over
Og,(v)- Then the natural map S — B(G®, {-1,}) is surjective.

Next, we have applications to the u-ordinary locus as mentioned in Theorem I.

Theorem K (Canonical CM lifts for p-ordinary points, Theorem 7.4.3). Suppose that Sk is an étale
or limpid ICM for Shx and that x € Sk (k) is a closed point in the p-ordinary locus where k is a
finite field. Let U, be the formal completion of Sk at x. Then:
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(1) there exists a canonical tower

~

U, = ﬁm’n — UI,n,l R ﬁw,o = Spt W (k)

of formal schemes over W (k), where, (7“ is a formal p-divisible group over [/J\m,l fori>0;
(2) the identity section® z°*® € U, (W (k)), the canonical lifting, is a CM point of S¥.

Remark 1.5.4. Bakker—Shankar—Tsimerman also show the existence of the CM canonical lift for their
integral models [4, §8]. Unlike their proof, ours does not use a priori knowledge of the f-independence of
the conjugacy classes of Frobenius elements acting on the étale realizations (see Klevdal-Patrikis [55]):
We only use the defining properties of ICMs, and deduce this ¢-independence from the existence of the
canonical CM lift.

Remark 1.5.5 (Integral canonical models for subhyperspecial levels). As a final application, we
mention that the results here can be combined with work of Takaya [92] to show the existence of
integral canonical models in the sense of Pappas—Rapoport when the level at p is parahoric and
contained in a hyperspecial subgroup of G(Q,); see Proposition 8.6.13.

Remark 1.5.6 (Future applications and directions). In subsequent work, we expect the results here
to be applied (among other questions) to:

e the problem of defining p-Hecke correspondences and Igusa stacks for limpid ICMs, as well as
counting their mod-p points [60];

e an extension of the Langlands—Kottwitz—Scholze method;

e the understanding of central leaves [68];

e the study of special cycles on Shimura varieties.

In addition, in ongoing work, joint with Teruhisa Koshikawa and Kentaro Inoue, we will also extend
these methods to the logarithmic context and define integral canonical models for toroidal compacti-
fications of Shimura varieties.

1.6. Tate full faithfulness. Finally, a key ingredient in our proofs of the canonicity results, and espe-
cially for establishing the mapping property in Theorem A, is a generalization of Tate’s full faithfulness
theorem for the Tate module of p-divisible groups, and so is of independent interest.

This result holds in the following setting: G will be a smooth affine group scheme over Z, and pu
will be a cocharacter of G defined over an unramified ring of integers ©. We will assume that wis
1-bounded in the sense of Lau [58, Definition 6.3.1] (when G is reductive, this is the same as being
minuscule). Then we have the associated formal algebraic stacks BT%’” constructed in [28, §9], and
their inverse limit BTZ:*. We also have the étale realization functor from BT to G(Z,)-local systems
on the generic fiber, generalizing the Tate module of a p-divisible group.

Theorem L (Tate full faithfulness, Theorem 4.1.5). If X is a normal flat formal scheme over O, the
étale realization functor from BTgO’“ (%) to G(Zy)-local systems over X, is fully faithful.

The proof proceeds—as in Tate’s original proof—by reduction to the case of a DVR. This reduction
requires algebraizing BTg’“ to an algebraic stack over O with affine diagonal; see Theorem 4.1.3.

1.7. Notational conventions.

e We will follow the notational conventions of [28, §2] for (oco-)category theory and related
notions.

o We will also follow the definitions and conventions of [28] for graded and filtered objects; see
in particular §4.1-4.3 of op. cit.

6By this, we mean the successive composition of the identity sections of each map in the tower.
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e As a specific instance, for a ring A and ideal I, we write Fil A for the I-adic filtration. The

trivial filtration is Filui A “<" FilyA. If I is invertible, we write Fil} . A for the two-sided

filtration with Filj L A = I* for all k € Z.

e If R is a ring (or a scheme), we denote by EI the completion along an ideal (sheaf) I. If I is
clear from context (it will usually be the ideal generated by p), we will consistently suppress
it from the notation.

e We follow standard terminology and notation concerning Tannakian theory (e.g., A®); see, for
example, [39, Appendix A] for a quick summary.

e For a ringed topos X, we write Vect(X) for the category of vector bundles and Perf(X) for
the oco-category of perfect complexes.

e For a p-adic formal stack X, we denote by X..ys the absolute crystalline site of X.

2. PRISMATIC F-GAUGES

2.1. The stacks of Bhatt—Lurie and Drinfeld. Canonically associated with any derived p-adic
formal scheme X are three derived p-adic formal stacks’” X , XV, and ¥ (shortened to R , RV,
and R™ when X = Spf(R)), the prismatization, filtered prismatization and syntomification,
respectively. We will review what we’ll need to know of these cohomological stacks for this paper. The
reader can find more details in [24], [5], [28, §6] and [70, §3]. The first two named sources explain how to
construct these stacks as classical formal prestacks, and the third extends the constructions—following
Bhatt—Lurie [6]—to the animated framework.

Remark 2.1.1 (Prisms and the prismatization). The prismatization X parameterizes Cartier—Witt
divisors on X. These are related to the prismatic site for X. Indeed, suppose that we have an object
(A, I,Spf(A) — X) in the absolute prismatic site for X. Here A is endowed with the (p, I)-adic topology,
and A = A/I. Then, as in [6, Construction 3.10], we find a canonical map ta,n: Spf A — X taking a
map Spec(B) — Spf(A), where B is a p-nilpotent ring, to the Cartier-Witt divisor I® 4 W (B) — W (B)
where A — W(B) is the unique §-map lifting A — B, and where we equip this Cartier—Witt divisor
with structure map
Spec(W(B)/™(I 4 W(B))) — Spf(4) — X.

Remark 2.1.2 (Relationship between the stacks). The stack X is a filtered formal stack, meaning
that it is fibered naturally over the formal Artin stack A'/G,, parameterizing line bundles L over
p-complete rings C' equipped with a cosection L. — C. The pre-image of the open point

Spf Z,, ~ Spf Z, X Gy, /Gy, C SptZ, x A' /Gy,

is canonically isomorphic to X , and is called the de Rham locus of X" and its inclusion is denoted
jar: X — XV. There is also another open immersion jgr: X — XV called the Hodge—Tate locus
which is physically disjoint from the de Rham locus. The stack X% is the coequalizer of these two
open immersions and is therefore equipped with a canonical open immersion j : X — X%,

Remark 2.1.3 (Nygaard filtered absolute prismatic cohomology). Bhatt-Lurie show that the values
of these stacks on quasiregular semiperfectoid (qrsp) inputs can be described in terms of Nygaard
filtered absolute prismatic cohomology. For such rings R, their absolute prismatic cohomology
is a classical p-complete ring g, which is in fact a §-ring equipped with a canonical prism structure
( r,Ig): this is also the initial prism for R. In [9, §12], Bhatt—Scholze construct the Nygaard
filtration Fil}, g on absolute prismatic cohomology. When R is qrsp, we have

Fil,, r={z€ gr: p(x)€Fil}, g},

"This means that they are étale (and in fact fpqc) sheaves on p-nilpotent derived affine schemes, i.e. derived schemes
of the form Spec A where A is a p-nilpotent animated commutative ring.
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where Fil;R R is the Ir-adic filtration. The Nygaard filtered prismatization R is now canonically
isomorphic to the formal Rees stack R(Fil}, g) associated with this filtration (e.g., see [41, §1.1.2]).
The open immersion jqr amounts to ‘forgetting’ the filtration (that is, restriction to the open substack
Gm/G,, C A'/G,,), while jyr arises from the filtered Frobenius lift

Fily, p— Fil}, g
This description can be extended to all semiperfectoid rings; see [28, Theorem 6.11.7].
Remark 2.1.4 (The (filtered) de Rham point). There are canonical maps
g AY)G x X = XV ngr: X = X

with the second being the restriction of the first over G,,/G,,. In terms of the ‘affine’ description from
Remark 2.1.3 for semiperfectoid rings, the first map corresponds to the map on formal Rees stacks
associated to the canonical map of filtered rings from Fil}, g to R equipped with its trivial descending
filtration supported in graded degree 0.

Remark 2.1.5 (Functoriality and étale descent). Each of the assignments X + X’ for ? equal to
, N, or syn, is functorial in the derived formal scheme X, and preserves products: That is, we have
canonical isomorphisms (¥ x 2)” ~ X7 x 9°. Furthermore, if 9 — X is an étale and faithfully flat

map®, then 9)* — X’ is an étale cover of derived formal stacks (see [28, Proposition 6.12.3]).

Definition 2.1.6. A map 2 — X of derived p-adic formal schemes is quasisyntomic if it is p-
completely flat (that is, 9 @“F, — X @"F, is flat), and if Ly /x has p-complete Tor amplitude [-1,0]:
that is, L@/x/Lp has Tor amplitude [—1,0] as a quasi-coherent sheaf on ) ®“F,. The map ) — X is
a quasisyntomic cover if it is quasisyntomic and ) ®@" F, =+ X QL IF, is an fpgc cover.

Proposition 2.1.7. If ) — X is a quasisyntomic cover, then 9N — XN is surjective in the p-
completely flat topology. In fact, if P = Spf S and X = Spf R with R and S semiperfectoid rings, then
the map VDN — XN is faithfully flat.

Proof. See [28, Proposition 6.12.3 and Corollary 6.12.8]. O

Remark 2.1.8. If X = Spf R is affine and the structure map X — Spf(Z,) is quasisyntomic, there
exists an affine quasisyntomic cover Spf Ro, = Xoo — X such that R2r™, the m-fold completed self-
tensor product over R, is qrsp and p-torsion free for all m (see [7, Lemmas 4.28 and 4.30]). Therefore,
in many cases, Proposition 2.1.7 reduces questions about the stacks X’ to ones about the corresponding
stacks associated with (the formal spectra of) qrsp and p-torsion free rings.

2.2. F-gauges and prismatic F-crystals. Let X be a derived p-adic formal scheme.

Definition 2.2.1 ((Prismatic) F-gauges). A vector bundle in prismatic F-gauges or simply
vector bundle F-gauge over X is a vector bundle over X%". We will write Vect(X%¥) for the
category of such objects.’

Remark 2.2.2 (Prismatic F-crystals). Recall from [8] the notion of prismatic crystals and prismatic
F-crystals over X: These are objects over the absolute prismatic site X (shortened to R when
X = Spf(R)). To begin, we have the structure sheaf ¢ and a generalized Cartier divisor Z — &
given by the assignment

(Z — 0 ): (A Spf(A) = X)— (I = A).
A prismatic crystal (in vector bundles) over X is a vector bundle £ over (X ,& ), and a prismatic
F-crystal is a pair (€, pg) where £ is a prismatic crystal and

perpEllfr] — €Yz ]
8Recall this means that the induced map of schemes ) @ Fp — X ® F, is étale and faithfully flat.

9n general, Vect(XY") is actually an oo-category, but when X is p-quasisyntomic and flat over Z,, Remark 2.1.8
combined with Remark 2.1.3 tells us that this is in fact a classical category.
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is an @ [/ ]-linear isomorphism of sheaves on X . Write Vect?(X , & ) for the category of prismatic
F-crystals over X.

Remark 2.2.3. Concretely, a prismatic crystal is an assignment
(A, I,Spf(A) — %)+ E(A,I,Spf(A) — X)
with the value being a finite locally free A-module, and satisfying the usual crystal property: For all
maps (A,I,Spf(4) - X) — (B, J,Spf(B) — X) in X , we have isomorphisms
E(A,1,Spf(A) —» X)®4 B &(B, J,Spf(B) — X)

satisfying the expected compatibility relations. Endowing this with the structure of a prismatic F-
crystal now amounts to giving isomorphisms

E(A IR — A1) ®a, A E(A IR — A)[YI]
that are compatible with the isomorphisms coming from the crystal property.

Remark 2.2.4 (F-gauges and prismatic F-crystals). By Remark 2.1.1, any vector bundle on X yields
a prismatic crystal over X. If the vector bundle arises from a vector bundle F-gauge via pullback along
Jj X — X" then £ has a canonical structure of a prismatic F-crystal over X; see [5, Remark 6.3.4]
and [41, Construction 1.21]. This gives rise to a natural functor Vect(X®%") — Vect?(X ,0 ).

Proposition 2.2.5. Suppose that X is p-quasisyntomic and flat over Z,. Then the natural functor
Vect(X%") — Vect?(X ,0 )

18 fully faithful

Proof. See [35, Corollary 3.53]. O

2.3. Analytic prismatic F-crystals and crystalline local systems. We now recall some gener-
alizations due to Du-Liu-Moon—Shimizu [26] and Guo—Reinecke [36] of the classification of Bhatt—
Scholze [8] of crystalline Galois representations. For more details, see the discussion in [39, §2.3].
In this subsection, K will denote a complete mixed characteristic (0,p) discrete valuation field with
perfect residue field.

Remark 2.3.1 (Analytic prismatic F-crystals). We will take Vect®?(X , & ) to be the category of
analytic prismatic F-crystals defined in [36, §3]. Concretely, this amounts to giving essentially the

same data as that of a prismatic F-crystal, explained in Remark 2.2.3, except that £(A, I, Spf(A) — X)
is now a vector bundle over Spec(A)\V (p, I). Lemma 3.4 of [36] ensures that this is a sensible notion.

Remark 2.3.2 (The étale realization). Via [5, Constructions 6.3.1 and 6.3.2] (see also [36, Construc-
tion 3.9]), we find a canonical functor

Ty : Vect™ ¥ (X ,0 ) — Locg, (X,)

where the right-hand side is the category of proétale Z,-local systems on the generic fiber of X. Since
both sides satisfy quasisyntomic descent (see [36, Lemma 3.6] for descent for analytic prismatic F-
crystals), it suffices to specify the values for semiperfectoid Spf(R) — X with R semiperfectoid as:

T((Spf R)y Ter (€)) = (E( ro L, SPE( R) — SpE(R) — X)[/1a]) 7.

Here, we are viewing £( g, Ig,Spf( r) — Spf(R) — X)[!/1r] as a finite locally free module over
r[Y/Iz], and (—)” denotes the p-adic completion.

Remark 2.3.3 (Relationship between various types of local systems). In the sequel we will frequently
make use of the following natural equivalences:
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(1) Let X be a locally of finite type K-scheme, and X" defn X spec() SPa(K) its analytification.
Then, there is a (bi-)exact monoidal equivalence Locz, (X) = Locz, (X™) (see [39, §2.1.3]
and the references therein).
(2) If (A, A") is a Huber pair, there is a (bi-)exact monoidal equivalence

Locz, (Spec(A)) = Locz, (Spa(4, A™)).
See [39, §2.1.4] and the references therein.

We will often glibly use the above identifications without further comment. Moreover, by (2) (and the
independence of base points for connected spaces) there is no ambiguity in the notation Locz,(A) for
a Huber pair (A, AT), and we use this notational shortcut often.

Proposition 2.3.4. Suppose that X is p-quasisyntomic and flat over Z,. Then the natural functor
Vect?(X ,0 ) — Vect™ (X ,0 )

1s fully faithful.

Proof. See [36, Proposition 3.7]. O

Remark 2.3.5 (Crystalline local systems). Suppose that X is a base formal Ok -scheme as defined
in [39, §1.1] and the references therein. This implies in particular that R is p-quasisyntomic and p-
torsion free. Then within Locz, (X,), we have the full subcategory Locgpy *(X) of crystalline Z,-local
systems; see [26, §2.2], [36, §2.4], or [39, §2.3.3]. When X = Spf(Ok), this recovers the classical notion
of a Galois stable Z,-lattice in a crystalline Q,-representation of the absolute Galois group of K.
Recent work of Guo—Yang [37, Theorem 1.1] shows that, when X is smooth over O, a Zy-local system

over X is crystalline if and only if its restriction over every classical point of X, is crystalline.

Theorem 2.3.6. Suppose that X is p-quasisyntomic and flat over Z,. Then:
(1) The étale realization functor Tg: Vect™ ¥ (X ,0 ) — Locg, (X)) is faithful. In particular, its
restriction to Vect(X™™) is also faithful.
(2) Suppose that X is smooth over Ok ; or, more generally, that X is a base formal O -scheme.
Then the functor induces a bi-exact symmetric monoidal equivalence

Vect™#(X ,0 )= Locz ™ (X,).
In particular, its restriction to Vect(X¥™) is fully faithful.

Proof. This is essentially a translation of results of Guo—-Reinecke [36] and Du-Liu-Moon—Shimizu [26]).
The first result follows from Propositions 2.2.5 and 2.3.4 combined with [36, Proposition 3.7] and the
proof of [36, Lemma 4.1]. Note that the last result only claims to prove faithfulness for R p-completely
smooth over Ok. However, the proof actually shows that the functor Ty is faithful for any p-torsion
free qrsp algebra'’, and so implies what we need by quasisyntomic descent.
The second assertion follows from [36, Theorem 4.5], [26, Theorem 3.29], and [39, Proposition
2.22]. O

Definition 2.3.7 (Local systems for smooth affine group schemes). Suppose that G is a smooth affine
group scheme over Z, and that X is a locally Noetherian scheme or adic space. A G(Z,)-local system
over X is a G(Z,)-torsor on the proétale site of X.'1 We will write Locgz,)(X) for the groupoid of such

local systems. If X is affine/affinoid with global sections R, we will also write Locgz,)(R) instead.
We will also use analogous notation for the variants where G(Z,) is replaced by G(Z/p"Z). See [39,
§2.1] for a more detailed discussion.

10The argument in this generality is actually needed to apply this lemma to the proof of Theorem 4.5 in op. cit.

uconcretely, this amounts to giving a compatible inverse system P = {Pn},>1 where P, — X is a finite étale torsor
for the finite group G(Z/p"Z) (viewed as a locally constant sheaf), and the maps Pp4+1 — Pn are equivariant for the
natural surjections G(Z/p"t1Z) — G(Z/p"7Z).
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Remark 2.3.8 (Tannakian perspective on local systems). Giving a G(Z,)-local system P over X is
equivalent to giving an exact symmetric monoidal functor V' + (V)p from the category Repy (G) of
algebraic representations G — GL(V') defined over Z, to the category Locz,(X). See [39, Propositions
2.3 and 2.8]. In fact, the cited result shows that giving a G(Z/p"Z)-local system P,, over X is the same
as giving an exact symmetric monoidal functor Rep;, (G) — Loczpnz(X).

Definition 2.3.9 (Crystalline G(Z,)-local systems). Let X be a base formal Ok-scheme. A G(Z,)-

local system P on X, is crystalline if, for every representation V' in Repy (G), the local system (V)p
crys

is crystalline. Write Locg(ZP)(%n) for the full subcategory of Locgz,)(X;) of crystalline G(Z,)-local
systems.

Remark 2.3.10. By [39, Proposition 2.20], to check that a G(Z,)-local system P is crystalline, it is
sufficient to check that (V)p is crystalline for a single faithful representation V.

Remark 2.3.11 (G-bundles in analytic prismatic F-crystals). Suppose that X is a base formal Ok-

scheme. Combining Remark 2.3.8 with Theorem 2.3.6, we see that the category Locg(yzsp)(.’{n) is

equivalent to the category of exact symmetric monoidal functors
w: Repr(g) — Vect®™¥ (X ,0 ).
Corollary 2.3.12. Suppose that X is p-quasisyntomic and flat over Zy.
(1) There is a natural faithful functor
Ty BG(X™") — Locgz,)(Xy)-

2) If X is a base O -formal scheme, then the functor is also full and takes its values in Loca s \(X,).
G(Zp)\ N

Proof. Under these hypotheses, X% is a classical formal stack. Therefore, we find from [67, Corollary
9.3.7.3] that the groupoid (BG)(X™™) is equivalent to the groupoid of exact symmetric monoidal
functors

Repy, (G) — Vect(X™™").

The corollary now follows from Theorem 2.3.6 and Remark 2.3.8. 0
2.4. F-gauges and p-divisible groups.

Definition 2.4.1 (Hodge-Tate weights). Let X be a p-adic formal scheme. Every vector bundle
F-gauge V over X yields a graded finite locally free R-module via pullback along the composition

N
BG,, x X = A'/G,, x X —2& 3V - xov,
The Hodge—Tate weights of V are the graded degrees in which this graded module is non-zero.

The following result is essentially due to Anschiitz—Le Bras [3] over quasisyntomic bases; the general
statement here is shown in [28]. See Theorem 11.1.4 and Proposition 11.8.2 of op. cit.

Theorem 2.4.2 (Prismatic Dieudonné theory). Let X be a derived p-adic formal scheme and let
BT,(X) be the category of p-divisible groups over X, and let Vectjy 1)(X™™) be the category of vector
bundle F-gauges over X with Hodge—Tate weights in {0,1}. Then:

(1) There is a canonical equivalence of categories
M: BT,(X) = Vectp 1)(X™")

compatible with Cartier duality.
(2) There is a natural equivalence T, >~ Ty, 0 M, where T), is the functor associating to a p-divisible
group H its Tate module T,,(H) = @H[p"},,, viewed as a Zp-local system on X,,.
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2.5. F-gauges and cohomology. In this final subsection we recall the relationship between F-gauges,
étale realization, and higher pushforwards. Throughout K denotes a complete mixed characteristic
(0,p) discrete valuation field with perfect residue field k, and C' a completed algebraic closure of K.

Setup 2.5.1. Let X be a formal Ok-scheme with generic fiber X. We denote by Df_ (X,Z,) the
category of derived p-complete locally bounded Z,-modules . on Xp0¢; whose cohomology sheaves
H'(L) are locally constant on X106 with finitely generated stalks. If X is a smooth formal Ok-scheme,

let D% (X,Z,) be the full subcategory of those L such that H*(L)[!/p] is crystalline for all 4.

crys

Remark 2.5.2 (Etale realization for perfect F-gauges). By [5, Constructions 6.3.1 and 6.3.2] there is
an étale realization functor

Ty : Perf(X%") — Db (X, Z,).
By [79, Corollary 4.1], if X is smooth, then this functor takes values in D (X,Z,). Moreover, the

crys
étale realization functor is compatible with that from Remark 2.3.2 via the natural embedding of

Vect™ ?(X ) into Perf(X%™) via the functor IIx from [35, Theorem 3.32] (see also [79, §3.2]).

Remark 2.5.3 (Crystalline realization functor). Suppose that X is a p-quasisyntomic p-adic formal
scheme. Then there is a natural functor

Torys: Perf(X) — Perf? ((X,-0)

crys)’

where the target is the category of perfect complexes in F-crystals on the absolute crystalline site of
Xp=0. More precisely, if V is a perfect F-gauge, then the construction from 2.2.4 gives us a perfect
complex of prismatic F-crystals on X and by restriction a perfect complex of prismatic F-crystals on
Xp=0, and one then applies the equivalence in [36, Theorem 6.4].

Remark 2.5.4 (Perfect complexes in F-isocrystals on smooth formal &'k -schemes). Suppose now that
X is a smooth formal Ok-scheme. In this case, one has a natural identification

Perf? ((Xp=0)erys) [1/s] = Perf? (Xi/W (k))crys) [1/o).

Here the left-hand side is the category of perfect complexes in F-isocrystals on the absolute crystalline
site of X,—¢, and the right-hand side the category of perfect complexes in F-isocrystals on the relative
crystalline site (X;/W (k))erys. This identification is a version of Dwork’s trick (see [36, Remark 2.15]
and the references therein). In the sequel we will often implicitly make this identification.

Remark 2.5.5 (The filtered crystalline realization functor on smooth formal €x-scheme). Suppose
again that that X is a smooth formal &k-scheme. Then, the crystalline realization functor admits a
filtered upgrade

THL . Perf(%syn) — PerfF¢(xcrys)[1/p]a

crys *
where the target is the category of perfect complexes in filtered F-isocrystals on X as in [79, Definition
4.18], and where T, . is denoted by Beil in op. cit.

crys

The following shows that all of these constructions are compatible with pushforwards. For the proof
(due to combining work from [36], [35], and [79]) one can see [79, Corollary 4.7] and [79, Proposition
4.23], their proofs, and the references therein.

Theorem 2.5.6. Suppose that f: X — Q) is a smooth proper map of smooth formal Ok -schemes with
generic fiber map f,: X =Y. Then, pushforward defines a well-defined commutative square

Perf(X") — Db (X, Z,)

crys

Rf*l lR( )

Perf(@Syn) T Dcrys(}/a Zp)
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Moreover, for any object £ of Perf(X%™) and i > 0 there is a natural identification of filtered F'-
isocrystals

Dcrys (Ri(fn)*Tét(g)[l/PD = Ri(fk)*Tc-ir_ys(g)[l/p]
Remark 2.5.7 (Pushforward over a general base). In fact, for any smooth proper map X — ) of
formal Ok -schemes, we always have a well-defined pushforward map
Rf,: Perf(X%") — Perf(9>").

This has the property that it carries perfect F-gauges over X with Hodge-Tate weights in [a, ] to
those over 9 with Hodge-Tate weights in [a — d, b], where d is the relative dimension of X over 9);
see [70, Proposition 8.2.6].

Corollary 2.5.8. Suppose that X is a smooth proper formal Ok -scheme and V is a prismatic F-gauge
on X. Then, for alli > 0 the Gal(K /K)-representation H' (Xc, Tsi(V))[/p] is crystalline and there is
a natural identification of filtered F-isocrystals on K:

Derys (He(Xc, Tes W) [V/e]) = Herys (X /W (K)erys, Torys (£))-
Moreover, for all 1 < n < oo we have a natural identification

Ta(Rf(V/P")) ~ R(fy)«Ter(V/P").

Definition 2.5.9 (Bloch—Kato’s finite part of Galois cohomology). Suppose now that K is a finite
extension of Q. In [10, §3] one finds the definition, for a Galois Q,-representation V' of K, a subspace
H }(K , V) of the Galois cohomology of V' called its finite part. When V is crystalline one naturally has

H}{(K,V) ~Ext'(Qp, V)

crys

where these extensions are taken in the category Repg’ (Gal(K/K)) (e.g., see [27, Proposition 4.5.2]).
The following is a result of combining Theorem 2.5.6 and [79, Proposition 4.9].

Proposition 2.5.10. Suppose that K is a finite extension of Qp, and let X is a smooth proper formal
Ok -scheme and V a prismatic F-gauge on X. Then, for all i > 0 we have a natural identification

Hi(Hy(Xo, Ta(V)[V3]) = HU(OR", R £V) [ o).
3. (G, 1)-APERTURES

The purpose of this section is to recall the results of [28], and to record some complements that will
be useful in the sequel.

3.1. The main representability result. This subsection is a quick review of [28, §9)].

Setup 3.1.1. In the following, G will be a smooth connected affine group scheme over Z,, O the ring
of integers in a finite unramified extension of Q,, and p: Gm@ — G5 a 1-bounded cocharacter, i.e.,
one whose weights on Lie(G) s via the adjoint action are bounded above by 1. Let P, C G be the
smooth subgroup scheme whose Lie algebra is identified with the sum of the weight-i spaces in Lie(G)
for i < 0. When G is reductive, p is minuscule and P, is a parabolic subgroup associated with p.

Remark 3.1.2. Associated with p is the map of classifying stacks BG,, 5 — BGs. This classifies a
G-torsor Q,, over BG, 4.

Definition 3.1.3. For R ¢ CRingg;(’mp, an n-truncated (G, p)-aperture over R is a G-torsor 9
over R ® Z/p"7Z'? satisfying the following condition: For every geometric point R —  of Spf R,
the restriction of (23%)*Q (see Remark 2.1.4) over BG,,, X Spec & is isomorphic to that of Q,. These

12By this, we mean a map of p-adic formal stacks R®® ® Z/p"Z — BG.



16 KEERTHI MADAPUSI AND ALEX YOUCIS

organize into an co-groupoid BTY*(R), and the assignment R — BTY#(R) is a derived p-adic formal
prestack. We will also set
BTZ! = lim BT7 ™.

Objects in BT9:*(R) will be called (G, u)-apertures over R. They classify G-torsors on R%" that are
bounded by p in the sense explained above.

Remark 3.1.4. Note that the isomorphism class of Q, depends only on the conjugacy class of p.
This implies that the stacks BTZ’“ also only depend on this conjugacy class and not on the particular
choice of representative.

The next result is [28, Theorem 9.3.2].

Theorem 3.1.5. The formal prestack BTg’” is represented by a zero-dimensional connected quasi-
compact smooth p-adic formal Artin stack over O with affine diagonal. Moreover, for any pro-nilpotent
p—comp 13

divided power thickening R’ — R in CRing o) , we have a Cartesian Grothendieck—Messing square

BT, (R') —————— BP, (R'/"p")
(3.1.5.1)

BT (R) — BP, (R/“p") X pg(n/-p) BG(R'/*p").

G.p

The transition maps BT} — BTg’“ are smooth and surjective.

Example 3.1.6 (The case of GL,, and truncated p-divisible groups). A basic example is (GLp, 1q)
where d < h and pg is a minuscule cocharacter of GLj defined over Z, and splitting the direct
summand Z"~% x {0} C Z". 1In this case, it is shown in [28, Theorem 11.2.7] that BTG js
canonically isomorphic to the stack of n-trucated Barsotti-Tate (or p-divisible) groups of height h and
dimension d. This is a refinement of Theorem 2.4.2.

Remark 3.1.7 (The case of central cocharacters). When p = 0 is the trivial cocharacter, BT 2’“ is
canonically isomorphic to the classifying stack Locgz/pnz) over Spf o [28, Proposition 9.4.1]. When
is central, BT%’“ is a non-canonically trivial gerbe over Spf O banded by G(Z/p"7Z) [28, Proposition
10.3.4]. More precisely, in this case, we have P, =G, and so BTg’“ is étale over Spf 0. Moreover,
BTY9#(0) is non-empty, and, for any Q € BTY*(0), the automorphism scheme Aut(£) (defined via
the diagonal of BT9'*) is finite étale and étale locally isomorphic to G(Z/p"Z). Finally, the scheme

Isom(£, ) of isomorphisms from £ to any other section of BTY** is non-empty.

Remark 3.1.8 (Lubin-Tate apertures). Still assuming x to be central, the objects of BTY*(O) were
termed Lubin—Tate apertures in [28]. Here is an explanation for this terminology. For simplicity,

assume that G is reductive, and let Z defn (G)° C G be the connected center. Then u factors through
Z, and we can consider its ‘reflex norm’
Resp 5 1 Nmg
Tu i Resg )z G,, — 2l Resg ; 2 NS

If 7o = Resé/zp Gy, we have a canonical cocharacter pg: Gm@ — 76)@ such that 7, o o = p. This
gives us a map of pairs (7o, no) — (G, 1), and hence a map BTE”’”O — BTg’”. Now, examples of objects
I3 This diagram does depend on the choice of PD structure on ker(R’ — R), as well as the fact that it is (pro-

)nilpotent. For example, one may apply it to the usual trivial PD structure on ker(Z/4Z — 7Z/27) but not to the one
inherited from the unique PD structure on 2Zo C Zo.
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in BT72#0 () can be obtained from Lubin-Tate formal O-modules; see [28, Proposition 11.7.6]. In
particular, the twist of the standard representation of 7y on o by such an aperture will yield a vector
bundle over O x Spf @, whose stack of global sections will be isomorphic via Theorem 2.4.2 to the
associated Lubin-Tate formal O-module.

Remark 3.1.9 (Deformation rings). For any point x € BTgo’“(m) valued in a perfect field k of

characteristic p, the deformation functor for BTi;” at x takes discrete values and is represented by a
complete local formally smooth W (k)-algebra of relative dimension dim G —dim P,;. This is explained
in [28, Lemma 10.2.5]. It can also be seen from the results of Ito [42], combined with a priori knowledge
of the formal smoothness of BTY:*; see [41, Proposition 3.32].

Remark 3.1.10 (Classicality). There is a somewhat interesting phenomenon here. When R is a
discrete p-complete ring, even though R*™ is in general only a derived stack that is covered flat locally
by the spectra of animated (not necessarily discrete) rings, BTg’“ (R) is still just a 1-groupoid (or a 1-
truncated oco-groupoid). When R/pR satisfies a mild finiteness condition, this is now explained by [70,
Remark 9.9.11], which tells us that BTY9"*(R) can be computed using only the classical truncation of
R ™,

3.2. Frames and windows. In [28, §5 and §10], we find a general discussion of frames and win-
dows, which allow us to give more concrete descriptions of the category of (G, u)-apertures in certain
situations. Here, we will isolate a particular instance that will prove very useful to us.

Definition 3.2.1 (Breuil-Kisin frames). Let R be a p-complete ring. A Breuil-Kisin frame for R
is a prism A = (A, I’) such that A is p-complete and p-torsion free, I’ C A is an ideal and R = A/I".

Example 3.2.2 (Frames for base Ok-algebras). Suppose that K is a complete discrete valuation
field with perfect residue field x, and set Ko = W (k)[/p] C K. Fix a monic Eisenstein polynomial
E(u) € W(x)[u] such that E(r) = 0 for some uniformizer @ € k. Suppose that R is a base Ok-
algebra in the sense of [39, §1.1]: Then R = Ok ®yy () Ro where Ry is a flat W (x)-algebra that admits
a Frobenius lift and hence a d-structure. The prism (Sg, (E(u))) where &g = Ro[u] is equipped with
the d-Rp-algebra structure satisfying §(u) = 0 is now a Breuil-Kisin frame for R.

Example 3.2.3 (Frames for perfectoid rings). If R is a perfectoid ring, then _, = ( g,Fil}, g) is
a Breuil-Kisin frame for R. Moreover, one has an identification g ~ Ajy¢(R) under which Fil}\, R
corresponds to ¢~ !(ker §) where 6: Aj,¢(R) — R is Fontaine’s map.

Example 3.2.4 (Frames via Frobenius liftings). Suppose that R is a flat Z,-algebra equipped with a
Frobenius lift ¢: R — R. We can then view (R, (p)) as a Breuil-Kisin frame R for R/pR.

Remark 3.2.5 (Liftings of ét~ale covers). Suppose that A is a Breuil-Kisin frame fgr R. Then any
p-completely étale map R — R lifts uniquely to a (p, I')-completely étale map A — A of §-rings, and
(A, I'A) is a Breuil-Kisin frame for R. See [28, Proposition 5.4.23].

Assumption 3.2.6. For the remainder of this subsection, all our rings will be p-complete O—algebras.
Given such an algebra R and a Breuil-Kisin frame A for R, the O-algebra structure of R lifts uniquely
to one on A.

Remark 3.2.7 (The Rees stack associated with a Breuil-Kisin frame). Suppose that A is a Breuil-
Kisin frame for R. Set I = ¢*I’ C A. We then have the (p, I’)-complete formal Rees stack R(Fil}, A)
associated with the I’-adic filtration on A, and the Frobenius lift on A extends to a map of Rees stacks
R(Fil; A) — R(Fil}, A). We obtain two maps 7,0: Spf A — R(Fil}, A), where 7 is the pullback of
Gm/G,, — A'/G,, and o is obtained from the filtered Frobenius lift and the natural isomorphism

Spf A= R(Fil] 4 A).
Note also that we have a canonical map z4: Al/G,, x Spf R — R(Fil}, A) associated with the map
Fil}, A — Fil,;, R of filtered rings.

triv
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Definition 3.2.8 (G-torsors over the Rees stack bounded by p). A G-torsor Qgees over R(Fil}, A) is
bounded by p if, for any map R — « to an algebraically closed field r, the restriction of 27 Qrees
along the composition

BG,, x Speck — BG,, x Spf R — A'/G,,, x Spf R
is isomorphic to Q,,.

Remark 3.2.9 (Consequences of 1-boundedness). Since we have assumed that p is 1-bounded, a
G-torsor QRees over R(Fil}, A) bounded by p is determined up to isomorphism by the following data:

e the G-torsor Q defn ORees Over Spf A;

e the G-torsor 2% QRees over Al /G,, x Spf R, which, by the bounded-by-y condition, is equivalent
to giving a reduction of structure Q™ C Qtoa P, -torsor for the G-torsor @ over Spf R obtained
via restriction from Q.

This can be deduced for instance from [28, Proposition 4.12.3].

Remark 3.2.10 (Description in terms of modifications). As a particular consequence of the description
in Remark 3.2.9, we find that we can associate with the pair (Q,Q~ C Q) the G-torsor o* Qrees Over
Spf A. This can be obtained directly from the pair. For simplicity, we will restrict ourselves to the case
where I’ = (F) is principal with a distinguished choice of generator E. Consider the sheaf of groups

~ e — ~y\ defn ~
H,: R— G(A) Xg(R) Pr (R) c G(A) =" (L*TG)(R)
on the étale site of Spf R, and note that conjugation by u(F) € G(A[Y/E]) yields a map
int(u(E)): H, — LTG.

We can view Q as an LT G-torsor, and Q™ as yielding a reduction of structure group to an H,,-torsor
Q- C Q. Pushforward of Q~ along int(u(E)) now yields a modification Q' of Q and a further
pushforward along the endomorphism of LTG induced by the Frobenius lift ¢ on A now yields the

G-torsor 0* QRees-

Definition 3.2.11 ((G, p)-windows over Breuil-Kisin frames). Suppose that A is a Breuil-Kisin frame
for R. A (G, p)-window over A is a G-torsor Q over R(Fil}, A) bounded by p and equipped with an
isomorphism a: 0*Q =5 7*Q. Write Windz’féo (R) for the groupoid of (G, p)-windows over A.

Example 3.2.12 (The case of G = GLj,). Suppose that (G, ) = (GLy, p1q) from Example 3.1.6. Then,
by [28, Proposition 5.6.8 and Corollary 5.7.4] and the argument from [70, Proposition 9.5.9], there is
a canonical equivalence of groupoids

|| Wind§%"(R) = BKa o(R)
d<h€Zso B
where the right-hand side is the groupoid of triples (M, @, Vag) where:
e M is a finite locally free A-module;
e pr: "M = Mand Vg I' @4 M — ¢©* M such that the maps
Vmo(l@om): I'@a ™M ="M opoVam: I'@a M — M

are the maps induced by the inclusion I’ C A;

It is easy to see that in fact the datum of V) is redundant and can be replaced with the condition
that ¢ is injective with cokernel a finite locally free module over R. In the case of Example 3.2.2,
this is the category of Breuil windows over G introduced in [97].
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Remark 3.2.13 (Alternate description via modifications). The groupoid Windi’f;o(R) can also be
described as follows using Remark 3.2.10 (after having chosen a generator E € I'): An object here
is a triple (Q,Q,a) where Q is a G-torsor over Spf A, @~ C @ is a reduction of structure group
of Q defn Olspt r to a P, -torsor, and a: ¢* Q' =5 Q is an isomorphism of G-torsors, where Q' is the
modification of Q along @Q~. More explicitly, the sheaf of groupoids

R Wind§" (R)
on the étale site of Spf R is the quotient [L*g/H;J where H,, acts on LG via the right action

g+ h=1(h)" gp(int(u(E))(h)),
where 7: H, — L*§ is the tautological map.

Remark 3.2.14 (Modifications in terms of representations). Suppose that we have A € Repy ()
and let V be its twist by Q. Then the associated twist V' by Q' can be described as follows: Let
V = R®4 V. The reduction of structure Q~ yields a filtration Fil* V. Working étale locally on R if
necessary we can assume that Fil® V is split by a cocharacter of Gr that is geometrically conjugate to
w: This gives us a splitting V = @;V? where Fil' V = @®;>;V7. Lift this to a cocharacter of G4 and
consider the associated splitting V = @, V* (cf. [50, Proposition (1.1.5)]). Then we have the equality

V' =PEWV =) EFI'VCV[E,

where Fil' V = @®;>;V". In particular, the isomorphism « yielding a window gives an isomorphism
@*(ZEi Fil’ v) =y
i

Setup 3.2.15 (Tensor packages). It will be convenient to make the following choices. Let G — GL(A)
be a faithful representation. We choose finitely many tensors {s,} C A® such that G is their pointwise
stabilizer: This is always possible by [14, Theorem 1.1].

Remark 3.2.16 (Explicit description using tensor packages). Using Remark 3.2.10, we see that giving

£ in Windi’f;o (R) is equivalent to the groupoid of triples (Q,Q~, &), where:

e Q is a G-torsor over A;

e )T CQ defn Olspec r 1s a reduction of structure group to a P, -torsor;

e ¢ is an isomorphism ¢*Q’ =3 Q of G-torsors over A, where Q' is the modification of Q along Q.

This can be made even more concrete using a tensor package as in Setup 3.2.15.

(1) Giving Q is equivalent to specifying a finite locally free A-module £ and tensors {sqa o} C L%

such that, for some p-completely étale and faithfully flat map R — R with corresponding lift
A — A, there is an isomorphism

n: Aoz, A ™ Awa L
carrying {1 ® so} to {1 ® sa.2}-
(2) The reduction of structure group @~ C @ amounts to giving a filtration Fil® L on L defn R®aL
such that for some R — R as above the isomorphism 7 can be chosen so that the induced
filtration on R ®z, A is split by p.

(3) If we set L™ C L to be the pre-image of Fil™ L, the modification Q' now corresponds to the
A-module

L= E L™ C LY B

along with the same collection of tensors {s, ¢}, now viewed inside £®.
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(4) The isomorphism £ corresponds to an isomorphism of A-modules

oL = Z O(E) "o L™ S L
m
carrying {¢*sq 2} to {sa,c}-
Proposition 3.2.17 (Mapping the Rees stack to the filtered prismatization). There is a canonical
map of formal stacks v\ : R(Fily, A) — RN such that
Lg OT = JdR O L(A,I) } Lﬁo 0 = JHT © L(A,T) } Lﬁo A= TR
Proof. See [28, Example 6.10.5]. O

Corollary 3.2.18 (Apertures to windows). Suppose that R is a p-complete @—algebm. Then there is
a canonical functor

BTS"(R) — Wind$% (R).
The next result is a special case of [28, Lemma 9.2.3].
Proposition 3.2.19 (Description for perfectoid rings). Suppose that R is perfectoid. Then the functor
BTZH(R) — Wind%¥_(R)

18 an equivalence.

Remark 3.2.20 (Quotient description for perfectoid rings). Let £ € g be a generator for Filjl\/ g1
Another way of phrasing the proposition, using Remark 3.2.13, is that the restriction of the stack Bngf‘
to perfectoid R-algebras is the quotient [LTG/H,,] (computed in the p-completely étale topology) where
H,, acts on LTG via the right action

g-h=7(h)" gp(int (u(€))(h)).
Here, 7: H,, — L*§ is the tautological map.
Remark 3.2.21 (Quotient description for truncated apertures). In fact a similar description holds
for the n-truncated versions as well, which can be deduced by combining Remarks 5.5.5 and 5.5.6 and
Lemma 9.2.3 of [28]. One now looks at the group

HM(R) =G( r/P" R) Xg(r/-pm) Pr (R/"D").

This admits two maps

m,0: HM(R) = G( r/p" R),

where 7 is simply the projection onto the first coordinate, and ¢ is another map, which we will only
describe here for R p-torsion free. In this case, we have

(3.2.21.1)
H{(R)=G( r/D" r) Xa(r/pnr) Py (B/P"R) = G( /0" r)Nu(€)'G( /p" R)u(€) CG( /p" r).
and o is the map h — p(u(&)hu(€)™1).

The restriction of BT%’“ to perfectoid O-algebras is now given by the étale sheafification of R —
G( r/P" R)/HA([L)(R)7 where the action is given by

h,g)—7(h) " tgo(h "
ngn)(R)xg( R/pn R) (h,g)—~>7(h)""go(h) g( R/p R)-

14Note that in other references, this is often denoted §~
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3.3. Isocrystals with G-structure. Here, we recall the relationship between apertures and F-
isocrystals with G-structure.

Remark 3.3.1 (F-isocrystals with G-structure). Set G = Gg, and let the assignment LG: R
G(W(R)[}/»]) on perfect F,-algebras be the Witt vector loop group associated with G. Then we can
consider the étale quotient

Isoca defn [LG/AdeG],
associated with the p-twisted adjoint action
Ady,: LG x LG — LG
(9,h) = h™ gp(h).

For any perfect field &, Isocg(k) is isomorphic to the groupoid of F-isocrystals over x with G-structure,
as defined in [56].

Construction 3.3.2 (Apertures to isocrystals). By Remark 3.2.20, when restricted to perfect F,-
algebras, we have

BT (R) = [LYG/H,(R),
where H,, is the étale sheaf on perfect Fp-algebras given by H,, = LTG xg P,, . The action is via
LTGx H, - L*G
(9.h) = h™ gp(u(p)hu(p) ).

The map L*G % LG now descends to a functorial map

BT%*(R) — Isocq(R)
for perfect F,-algebras R.

Remark 3.3.3. When R = « is an algebraically closed field, then the quotient description of Bng]“(nz)
appearing above shows that we have

BT () = [G(W () Hy (1)) 22222 [G(W (1)) (u(p)) G(W (7)) / a0, GV (8))].

~

The set of isomorphism classes on the right hand side is the set C(G, {¢(u)}) from [98, §8.2], which we
will denote by C, (G, {¢(1)}) to keep track of the dependence on x. The set of isomorphism classes in
Isocg (k) can be identified with Kottwitz’s set B(G), which is independent of the choice of algebraically
closed field k. Within B(G), we have the p-admissible subset B(G, {u}), which depends only on the
Galois orbit of the conjugacy class {u}. By [84, Theorem 4.2], the natural map

Cu(G,{p(m)}) = B(G)
induced by inclusion G(W (k)) C G(W (x)[Y/p]) lands inside B(G, {1}) = B(G, {¢(1)}).

Lemma 3.3.4. For an algebraically closed field k, the map BT&”(/{) — B(G) induced from Construc-
tion 3.3.2 has image B(G,{u}) = B(G,{p(p)}).

Proof. Given the previous remark, we only need to know that every [b] € B(G, {¢(n)}) is in the image
of C.(G,{¢(r)}). This follows from a result of Wintenberger [100, Corollaire 3] (see also the more
general non-emptiness result of Gashi [29, Theorem 5.2]): There exists elements g € G(W (x)[Y/p]) and
hi,ha € G(W(k)) such that g=*bp(g) = h1p(u(p))ha. O
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3.4. The de Rham realization.

Construction 3.4.1 (The Hodge-filtered de Rham realization). Suppose that we have Q € BT (R).
Then pulling back along the filtered de Rham point 2} from Remark 2.1.4 gives us a G-bundle
Filfy, Tar(Q) over A'/G,, x Spf R.

Remark 3.4.2. It follows from the definition of BTY:*(R) and [28, Remark 4.9.7] that Filfjg, Tar(Q) is
étale locally on Spf R isomorphic to the pullback to A' /G, xSpf R of the G-torsor Q,, over BG,,, x Spf o
from Remark 3.1.2. Moreover, loc. cit. also shows that giving such a G-bundle over A'/G,,, x Spf R is
equivalent to giving a P, -torsor over R. That is, we have constructed a canonical map BTg;“ — BP,,.
This is precisely the one showing up in the deformation theory explained in Theorem 3.1.5.

Remark 3.4.3 (Versality and a local model diagram). Here is a reformulation of the deformation
theory in Theorem 3.1.5 that will be useful. Let Gr, be the Grassmannian scheme over O associated
with p: It depends only on the conjugacy class of y and can be presented as the fppf quotient G/ P,
for our choice of representative u. We can view the classifying stack BP, from this perspective
as the fppf quotient Gr,/Gs. Now, Filf{dg Tur(Q) can be viewed as arising from a canonical map
BTgO’“ — Gr,/Gs. Then Grothendieck—Messing theory tells us that the resulting map on cotangent
complexes of p-adic formal stacks
Lar, /6 1o = Lipe
factors through an isomorphism

~

A A
L(Gr./00)/8G0lB1% — Lgg.s-
In particular, this tells us that there is a canonical isomorphism

A ~ AN
LBT&“/(GrH/Q@) — Lig, Mlpres

—_~—

and so BTZ* is formally smooth over Gr,/Ga. If we set BTY:* = BT XGr, /G, Gy, then we obtain
a local model diagram

—_—~—

BTQML

BT Gr,,
where the left arrow is a Gsa-torsor and the right arrow is formally smooth and G 4-equivariant with

relative cotangent complex a vector bundle of rank dim gG.

3.5. Realization in F-zips with additional structure. We now quickly review the relationship
between apertures and F-zips as in [82].
Notation 3.5.1. Let P:( w C G be the smooth subgroup scheme whose Lie algebra is identified with
the sum of the weight-i spaces in Lie(G) s for ¢(u) with @ > 0. Let U, (resp. U;(M)) be the smooth
subgroup scheme of P, (resp. P;F(H)) whose Lie algebra is the sum of the weight-i spaces for u (resp.
for p(p)) with 4 < 0 (resp. i > 0). Set jf\:l“ =P, /U, and M) = P;r(#)/u;(“). We have a canonical
isomorphism of group schemes o* M, — M.
Definition 3.5.2 (G-zips). Let R be a k-algebra where k is the residue field of O. An F-zip with
G-structure or G-zip of type p over R (see [82, Definition 1.4]) is a tuple

(2,907,971
where Q is a G-torsor over R, @~ C Q is a reduction of structure to a ’P;—torsor, Ot Cc Qis a
reduction of structure to a P;(u)—torsor and

a: " (Q7 /U )= Q+/u:(u)
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is an isomorphism of M, ,)-torsors. We denote the groupoid of such objects by g—zip#(R).
Remark 3.5.3. By [82, Theorem 1.5], R+ G-zip,(R) is a smooth 0-dimensional Artin stack over k.

Remark 3.5.4 (Stratification of G-zip,,). Suppose that G is reductive. Then by [82, Theorem 3.20], the
stack G-zip,, has an underlying finite Tp-topological space corresponding to a certain subset TWcew
of the Weyl group of G endowed with a refinement of the Bruhat ordering; see the explanation in [101,
§5.3].1° This yields a stratification of G-zip,—explained in §3.6 of loc. cit.—where each stratum is a
smooth, locally closed substack.

The next result follows from the proof of [28, Theorem 9.3.2].
Proposition 3.5.5 (Apertures to G-zips). There is a natural smooth surjective map
BT{" ®4 k — G-zip,,

of 0-dimensional Artin stacks over k that is a gerbe for a connected p-torsion finite flat commutative
group scheme. Moreover, the P, -torsor over BT?’“ ®a k pulled back from the universal such one on
G-zip,, agrees with the one described in Remark 5.4.2.

Remark 3.5.6 (Set-theoretic version). A particular consequence of the proposition is that, for any
algebraically closed field k over k, the map

BT{* (k) — G-zip,, ()

is an isomorphism of groupoids.

If G is reductive, then, for any algebraically closed field k over k, looking at isomorphism classes of
k-points for the above map gives a map  : C.(G,{e(p)}) — W, which is the one described explicitly
in [101, Proposition 6.7].

3.6. The p-ordinary locus. In this subsection, we will suppose that G is reductive. We’ll now look
at the p-ordinary locus of BT%”‘. Our treatment will be somewhat terse; more details will appear
in [68]. Throughout, x will be a perfect field over k.

Definition 3.6.1 (The p-ordinary stratum). Recall the map ¢ from Remark 3.5.6. The element
Clo(u(p))) € 7W corresponds to the unique open stratum of G-zip,,; see for instance the proof of [101,
Theorem 6.10]. Write (]—zipzrd for this open stratum. For n € NU{oo}, we will write BTY*°"4 ¢ BTY*
for the unique open formal substack characterized by the property that its mod-p fiber is

BT # " @ k = (BT ® k) Xguuip, G-zipj .

Setup 3.6.2. Choose a maximal torus 7 C G contained in a Borel subgroup of G. We can assume that
1 has been chosen within its conjugacy class to factor through T@.w The sum of the Galois conjugates
of 1 now gives a cocharacter v of T that is defined over Z,. Let P;} C G be the parabolic subgroup
whose Lie algebra is the sum of the non-negative eigenspaces for v, and let U be its unipotent radical.

Lemma 3.6.3. Let M, C G and M,, C G4 be the centralizers of v and p. Then Mu,@ Cc M,.

Proof. 1t is enough to know that y is central in M, 5. By [89, Lemma 2.7], this would follow if the
average @i of the Galois conjugates of u is central in M, 5. But this is clear, since v is an integer
multiple of 7. g

15Note that what Wortmann denotes by u corresponds to our ¢(u) here.
16By [57, Lemma 1.1.3], 1 can be conjugated to a cocharacter factoring through T@[1/p] dominant with respect to

the choice of Borel. This will necessarily lift to a cocharacter of 7.
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Remark 3.6.4. We can view i as a minuscule (in fact, central) cocharacter of M,,, and as a 1-bounded

cocharacter of . This gives us formal algebraic stacks BTnM”’“ and BTf:r  over O. Viewing M,
as the Levi quotient of P, gives us maps

BTMv# — BTEZ # — BTMv b
whose composition is the identity.

Proposition 3.6.5. Suppose that 1 < n < oo. The formal stack BTTJIVI"’” is étale over O and is
non-canonically isomorphic to the formal classifying stack for the finite group M, (Z/p"Z). Moreover,
there is a canonical (non-commutative) finite flat group scheme F,(n) over BTA* such that:
(1) F,(n) admits a canonical filtration by finite flat subgroup schemes over BTN " whose graded
pieces F, ;(n) are n-truncated connected Barsotti—Tate group schemes (and thus commutative);
(2) Formn > 1 and all i, there is a canonical isomorphism

Fui(n=1) = Foi(n)[p" ]
of (n — 1)-truncated Barsotti-Tate group schemes;
(3) The map BTﬁj’“ — BT is canonically isomorphic to the classifying stack of F,(n).

Proof. The first assertion follows from Remark 3.1.7.

For the rest, suppose that we have a finite étale @—algebra R,and 9Q € BTnM”’“ (R) corresponding to
an M, -torsor over RY* @ Z/p"7Z. We can twist (via conjugation) U by this torsor to get a unipotent
(relative) group scheme (Uf)q over R ® Z/p"Z. Unwinding definitions shows that the fiber of
BTEV+ # over £ is the functor on p-nilpotent R-algebras C' given by

(3.6.5.1) C = Map ) evn gyz/pnz (C™" ® Z/p"Z, BU ) ).

Now, let Z/{j: . be the ascending central series filtration on ¢/, : This is stable under the action of M,
and so twists to a filtration on (U )q, whose associated graded pieces are twists of the commutative
unipotent group schemes L{: P /Z/l;r ;_1- Each such twist is therefore a vector group scheme V(M;)
associated with a vector bundle M; over R®" ® Z/p"Z—in other words, with a p™-torsion F-gauge
over R. The minusculeness of p implies that M; has Hodge-Tate weights in {0,1}. By [28, Theorem
11.3.3] and [70, Proposition 4.3.2], the functors

C — r<°RI(C™™ ® Z/p"Z, M;);
C — 7SORL(C™™ @ Z/p" Z, M;[1]) ~ Map, gavn gz /pnz (C™" © Z/p"Z, BV (M,))

on p-nilpotent R-algebras are represented by an n-truncated Barsotti-Tate group scheme F, ;(n)r

over R and its classifying stack, respectively. This construction is compatible with change in n in the

obvious way. The fact that v acts non-trivially on Z/{I /U, translates to the fact that F, ;(n) is a

)4
connected finite flat group scheme.
One now sees that the assignment

C = Map gevngr/pnz(C¥" @ Z/p"L, (U )2)

is represented by a finite flat group scheme F,(n)g over R, and that the functor (3.6.5.1) is the
classifying stack of the finite flat group scheme. By varying R and £, one now gets the desired finite
flat group scheme over BTﬁA”’“. d

Corollary 3.6.6. Suppose that we have Bo € BTZ?’”(/Q). Then the universal deformation space (7«430
of BT?;;T’“ at Po admits a canonical structure of a tower

17% =Up > Up1— - — U = Spf W (k)
of formal schemes over W (k), where, for each i > 0, ﬁl is a formal p-divisible group over ﬁi,l;

Proof. Given Proposition 3.6.5, this is implied by Lemma 3.6.7 below. 0
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Lemma 3.6.7. Let R be a complete local ring with residue field k, and let Artg be the category of
Artin local R-algebras with residue field k. Let H be a p-divisible group over R, and let O denote the
trivial object of (BH)(k) = @n(B’H[p"])(H) . Then the deformation functor

Def gy : C > fibg ((BH)(C) — (BH)(k))
on Artg is pro-represented by the p-divisible formal group H.
Proof. This is classical and can be deduced from results in [44]. More details can be found in [68]. [
The connection of the above discussion with the ordinary locus is made by:

Proposition 3.6.8. Forn € N, the natural map BTZ?”‘ — BTY* induces an isomorphism
BTP # 2% BTYword

Proof. That the natural map is étale is shown in [28, Proposition 9.5.1].
Now, Proposition 3.6.5 and Remark 3.3.3 shows that we have

BT (1) > BTYH (k) 2 [My (Wi (1))9(11(p))/ aa, Mo (W (5))].

Lang’s theorem tells us that the right hand side has a single isomorphism class represented by ¢(u(p)),
whose automorphism group is M, (Z/p"Z). Tt now follows from Lemma 3.6.10 below that the image

of BTﬁV+ # is precisely the p-ordinary locus in BT%’“ .
Moreover, the automorphism group of (u(p)) viewed as a point of BTY* (k) = [Q(Wn(li))/Hl(Ln) ()]
is also M, (Z/p™Z). This shows that the map

BTPY # (k) — BTI# (k)
is fully faithful, and thus that BTEU+ B BT%’“ is an open immersion, as desired. O

Notation 3.6.9. Following [101], given g € G(W (k))p(1u(p))G(W (k)), we will write (g) for the as-
sociated class in C(G, {¢(p)}), [g] for the class in B(G,{u}), and [g] € C(G,{p(n)}) for the subset

¢(1(¢({g))). Here, € is the map from Remark 3.5.6.
Lemma 3.6.10. With the above notation, we have equivalences

9] = [p(u(@))] & (9) = (p(up) < [g] = [e(np)].
Proof. See [101, Proposition 7.2]. O

Corollary 3.6.11. Suppose that we have Q € BT9H°Y(k). Then the universal deformation space
Uq of BTgO”‘ at Q admits a canonical structure of a tower

Uqa=U, = Up_q — - — Uy = Spf W (k)
of formal schemes over W (k), where, for each i > 0, U’Z is a formal p-divisible group over I{J\i,l;

Remark 3.6.12. Corollary 3.6.11 tells us that, for any aperture Q € BT9:#°™(k), the deformation
space Defn over W (k) admits a canonical section obtained as the successive composition of identity
sections of a tower of relative formal p-divisible groups.

Definition 3.6.13 (Canonical lift for p-ordinary apertures). The lift of Q to BT (W (k)) corre-
sponding to the canonical section of the deformation space Defq is called the canonical lift of  and
is denoted Q°". Unwinding definitions, we find: £ is in the image of the map BT (k) — BT (x),
where the source is the space of k-points of a formally étale stack over W (k), giving us an isomorphism

BT H(W (k) = BT H (k).
Now 0" is the lift of 9 along this isomorphism.
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Remark 3.6.14 (Description in terms of Lubin—Tate groups). If x is algebraically closed, by Re-
marks 3.1.7 and 3.1.8, Q%" can be obtained as follows. Set Ty = RGS@/ZP Gm, and let 7,: To = M,

be the reflex norm. Then any Lubin-Tate formal O-module over W (k) will correspond to a (7o, fio)-
aperture over W (k) and its pushforward along r,, will give a (M,,, u)-aperture isomorphic to Q.

3.7. Filtered F-crystal realization. We now review some material on crystalline realizations of
apertures (cf. [40], which allows one to recover much of the material here via Tannakian considera-
tions.).

Remark 3.7.1 (Crystalline realization over semiperfectoid rings). For any semiperfect (animated
commutative) Fj-algebra R, we have a canonical comparison isomorphism g — Aerys(R) (see for
instance [28, Remark 6.9.5]). Hence a G-bundle over R = Spf g is the same as one over Acys(R).
Suppose now that we have 9 € BTS*(R): Then just as in [5, Remark 6.3.4], the G-bundle Tppys(9Q)
in crystals associated with j*9 is equipped with an isomorphism ¢*Tirys(Q)[Y/p] — Terys(Q)[1/p] of
G-bundles over Acys(R).

Construction 3.7.2 (Crystalline realization). By quasisyntomic descent, Remark 3.7.1 tells us that
for any F,-algebra R, every Q € BT9(R) yields a G-bundle in F-crystals over R, which we denote
by Torys(Q). See [40, §1.1.1] for an explanation in the context of vector bundle F-gauges.

Remark 3.7.3 (F-isocrystals over perfect rings). Suppose that R is a perfect F,-algebra. Then,
Isocg(R) is the groupoid of pairs (£, pg), where € is a G-torsor over W (R)[!/p] and pg: ¢*€ == € is
an isomorphism of G-bundles. The functor BTY:*(R) — Isocg(R) from Construction 3.3.2 can now be
understood as follows. Given Q € BTi;" (R), one considers the G-bundle in F-isocrystals underlying
the G-bundle in F-crystals Tt,ys(Q): This corresponds exactly to a G-bundle over W (R)[/p] equipped
with an isomorphism from its Frobenius twist, and hence an object of Isocg(R).

Remark 3.7.4 (Crystals and the de Rham realization). Suppose that R is a p-complete @—algebra.
Then every crystal in G-bundles over R/pR yields a G-bundle over R; here, we are using the fact that
R — R/pR is a pro-divided power thickening. In particular, if we have Q € BTgC;“(R) reducing to
Qo € BTS*(R/pR), then we obtain a G-bundle over R associated with Typys(Qo). This G-bundle is in
fact canonically isomorphic to Tyr(); see [40, Theorem 1.19] and its proof.

Remark 3.7.5 (Frobenius lifts and filtrations). Suppose that R is a flat O-algebra equipped with a
Frobenius lift ¢: R — R. As in Example 3.2.4, this gives us a Breuil-Kisin frame R for R, and we
obtain a functor ®: BTS*(R/pR) — Windlg%’féo(R/pR). Suppose that we have Qo € BTY*(R/pR).
One finds that in the notation of Remark 3.2.13, ® R (o) corresponds to the tuple

(Terys(Qo), Filfgg Tar (Qo), )
with a an isomorphism
¢ Terys(Q0)" = Terys (o),
where Terys(Qo)" is the modification along Filfyg, Tur (Qo) from Remark 3.2.14.

Remark 3.7.6 (Strong divisibility). In the situation of Remark 3.7.5, suppose that Qg lifts to Q €
BT%*(R). Then we have a lift Filfqe Tar(Q) of the filtered bundle Filfyy, Tar (). For A € Repy, (),
let Filfjq, V be the filtered finite locally free R-module obtained by twisting A by Filfj4, Tar(Q). Then
Remark 3.2.14 tells us that we have a functorial-in-A isomorphism

©* (Z p ' Filljg, V) ~ v

of finite locally free R-modules.
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Construction 3.7.7 (Filtered F-crystals). Let x be a perfect field, and suppose that Spf R is a base
formal W (r)-scheme. Suppose that we have Q € BTZ#(R) lifting Qo € BT%*(R/pR). Then Tyr(Q)
is equipped with a topologically nilpotent integrable connection V, which completely determines the
G-bundle in crystals To,ys(Qo). Now, if R is equipped with a Frobenius lift ¢: R — R, then the
F-crystal structure on Teyys(Qo) gives us an isomorphism

@ Tar (Q)[Yr] = Tar (Q)[Y/2]

of G-bundles over R[!/p] that is parallel for V.

For any representation A, this gives us an isomorphism *V[1/p] == V[1/p], which restricts to the
integral isomorphism explained in Remark 3.7.6. Moreover, the filtration Filjjy, Tur (Q) satisfies Grif-
fiths transversality (in the sense that the associated filtration on the twist of any representation of G
by Tur(9Q) satisfies Griffiths transversality); see [40, Theorem 2.10]. In sum, in the language of [40,
§2.1.2], for any base formal W (x)-scheme X, and Q € BT#(X), we can associate with £ an exact
and monoidal functor from Repyz, (9) to the category of strongly divisible filtered F-crystals over X.

3.8. The étale realization and p-adic comparison. Here, we recall the construction of the étale
realization of apertures and some p-adic comparison results for it that make precise its relationship
with the objects defined in the previous subsection.

Construction 3.8.1 (The étale realization for apertures). Let R be a derived p-complete animated
commutative ring. To an object Q of BG(R¥"®Z/p"Z), we will attach an object Ty () that specializes
to the construction given in Corollary 2.3.12 when R is p-quasisyntomic and p-torsion free.

For every object (A,I,R — A) in R , Remark 2.1.1 tells us that j*Q € BG(R ® Z/p"Z) yields
a G-torsor P (A, I, R — A) over A/Ep". Furthermore, just as in [5, Remark 6.3.4], the fact that we
have the underlying syntomic torsor £ implies that there is a natural isomorphism of G-torsors

op: ©*Pa(A, I, R — A)[Y/1] = Pa(A, I, R — A)[Y/1]
over (A/%p™)[1/1]. Now, just as in Constructions 6.3.1 and 6.3.2 of loc. cit., we obtain an object Ty (Q)
in Locgz/pnz)(R[Y/p]) characterized by the equality
I'(Spec T[V/s], Tee(Q)) = Pa( 7. Ir, R — T)[}/1:]#7=,
for p-torsion free perfectoid R-algebras T. Taking the limit over n gives us a realization functor
Ty : BG(R™") — Locg(z,)(R[/p])-
This construction globalizes to a general derived p-adic formal scheme X in the obvious way.

Remark 3.8.2 (The étale realization of the canonical lift). Suppose that  is a perfect field over k
and that we have a p-ordinary aperture € BTY:*°"(k) with canonical lift Q%" € BTS*°(W (k)).
The étale realization Ty, (Q°) is obtained as follows: Take P € BT *(W (x)) lifting Q", consider
the M, (Z,)-local system T, () and look at the associated G(Z,)-local system obtained via change of
structure group. If x is algebraically closed, then Remark 3.6.14 tells us more: T (*B) is isomorphic
to the pushforward along the reflex norm r,: 7o — M, of the To(Z,)-torsor over W (x)[1/p] obtained
from some (hence any) Lubin-Tate formal O-module over W (k).

Remark 3.8.3 (Filtered F-isocrystals and crystalline comparison). Let « be a perfect field over O of
characteristic p and let X be a base formal W (k)-scheme. Suppose that we have Q € BTS*(X). For
any A € Repr (G), we can now associate two filtered F-isocrystals!” over the special fiber X,:

e The filtered F-isocrystal associated with the filtered F-crystal Filfry, V' from Construction 3.7.7;
e The filtered F-isocrystal associated with the crystalline Zy-local system (A)z,, ().

By [40, Theorem 2.10], these two filtered F-isocrystals are canonically isomorphic.

17See [39, p. 28] for this notion
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Remark 3.8.4 (Filtered bundles and de Rham comparison). As usual, let &k be a complete DVR
over O with perfect residue field, and let X be a base formal @k-scheme. Suppose that we are given
Q e BT (%) lifting Q € Locgy 1 (Xy). We can now associate two filtered G-bundles over X, equipped
with integrable connections:
e The generic fiber of the Hodge-filtered de Rham realization Filfyy, Tur (Q);
e Since Q is crystalline, and therefore in particular de Rham, we have the filtered G-bundle
Fil* Dar(Q) associating with each V' € Repg (G), the filtered vector bundle Fil* Dyr((V)q)

from [61, Theorem 3.7(iv)].
Lemma 3.8.5. The two filtered bundles above with integrable connections are canonically isomorphic.

Proof. When W (k) = Ok, this is immediate from Remark 3.8.3. The proof of Imai-Kato—Youcis
cited there works also in this context, if one ignores F-structures. Indeed, everything after the first
paragraph in loc. cit. works exactly the same, replacing Derys[!/p] and Derys with Filf, Tar (Q)[Y/r]
and Fil® Dqr(Q), respectively. O

3.9. Etale realization over perfectoid rings. In this subsection, we will see that the étale realiza-
tion on BTY* is faithful for base formal @-schemes.

Remark 3.9.1 (Etale G(Z/p"7Z)-torsors over perfectoid rings). Suppose that R is perfectoid and p-
torsion free. By Remark 2.3.8, giving a G(Z/p"Z)-local system over R[!/p| is equivalent to giving an
exact symmetric monoidal functor

Repy, () — Loczpnz(R[Y/p]).

Now, tilting combined with Katz’s Riemann-Hilbert equivalence (see [8, Proposition 3.6]) tells us
that the right-hand side is equivalent to the category of pairs (V,n), where V is a finite locally free
module over g/p" g[l/¢] and n: ¢*V =3V is an isomorphism of r/p" gr[l/¢]-modules. Therefore,
we conclude that giving a G(Z/p"Z)-local system over R[l/p] is equivalent to giving a G-torsor Q over
( r/P"™ R)['/¢] along with an isomorphism pg: p*Q > Q.

Remark 3.9.2 (Quotient description of the image of the étale realization). In terms of the description
of the target from Remark 3.9.1, the étale realization functor BT9*(R) — Locgz/prz) (R[Y/p]) factors
through the fully faithful sub-groupoid spanned by pairs (Q,pg) where Q can be trivialized over
( g/P™ p)[Y/¢] for some p-completely faithfully flat and étale map R — R of perfectoid rings.

Observe that this sub-groupoid is the evaluation at R of the étale sheafification of the functor on
p-torsion free perfectoid rings given by

R [G( r/P" Rr[Y/e))/aa,(G( r/P" r[YE))]-

Here, the right-hand side is the quotient by the p-semilinear adjoint action
Ady: G( r/P" r[Ye) xG( r/P" rIYe) = G( R/P" R[YE])

(9,h) = h™ gp(h).

From this perspective, the étale realization map from Construction 3.8.1 can be viewed as the étale
sheafification of the map

(G0 v/p" R)/HJ(R)] = [G( &/p" r[/e))/aa.(G( r/p" r[YE))]
induced by

G( r/P" Rr) Mg( r/P" RrIVe])

and the map of groups

(3.9.2.1) HM(R)=G( r/p" r) %a(rypr) Py (R/P"R) CG( /p" r) = G( r/P" rlVe).
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Remark 3.9.3. In the situation above, the group H, ,Sn)(R) can be described more simply: We have

H{V(R) = G( r/p" r)Nu(€)G( r/P" R <G( »/p" r[Ye).
To see this, note that by [58, Remark 6.3.3] the map
(h,X)—hexp(£X)

G( r/P" R)
is a bijection onto H,(f") (R). Here g1 C g is the weight-1 eigenspace for p.

P, ( r/P" )X ( R/P" R®s01)

Proposition 3.9.4. Suppose that R is perfectoid and p-torsion free. Then the étale realization functor

BT¢"(R) — Locgzpnz) (R[Y/p])

1s faithful.
Proof. Given Remark 3.9.2 and the description of H,S")(R) in (3.2.21.1), this reduces to the easy
assertion that the map (3.9.2.1) is injective. O

Corollary 3.9.5. Suppose that X is a base formal Ok -scheme. Then the étale realization functor
BT%”“(%) — LOCg(Z/an) (367,)
18 faithful.

Proof. This is because X admits a quasisyntomic cover {Spf(R;) — X} with R; perfectoid and p-torsion
free for all i; see [39, Lemma 1.15]. O

4. TATE’S FULL FAITHFULNESS FOR APERTURES AND ITS CONSEQUENCES

In this section, we prove a generalization Tate’s full faithfulness theorem for p-divisible groups to
the context of apertures. We also derive some corollaries to this that will be of importance for the
main theorems of this paper.

4.1. Algebraization and Tate’s full faithfulness. Let O be a mixed characteristic (0, p) discrete
valuation ring with completion @. We will now define an algebraic variant of BT%“ over O by gluing
it to the stack of G(Z/p™Z)-local systems over E, and we will use it to prove the aperture analogue of
Tate’s full faithfulness theorem for p-divisible groups by reducing it ultimately to Corollary 2.3.12.

Construction 4.1.1 (Algebraic BT). For any animated commutative O-algebra R with derived p-adic
completion R, set

defn TS
BTME(R) =" BT (R) X, Locgs)eey (R11/s1) LOCG /072 (RY]),

where Ty is the étale realization functor (which we henceforth suppress from the notation). Also, set
BTZ*(R) = lim BTS#*%(R),
n

Remark 4.1.2. For any R and 1 < n < 0o, we obtain a canonical étale realization map
Ty : BTS"™8(R) — Locgz/pmz) (R[/5))
obtained by projecting to the second component.
This globalizes: For any Deligne-Mumford stack X over O with generic fiber X, we obtain a functor
Tse: BT *8(X) — Locgz/pnz) (X)-

Theorem 4.1.3 (Algebraic representability and affineness of diagonal). The functor BTg”"ang 18
represented by a smooth 0-dimensional Artin stack over O with affine diagonal.

The rest of this subsection and the next will be devoted to the proof of this theorem, with the
completion of the proof of the affineness of the diagonal postponed to the next subsection. For now,
let us record an important consequence.



30 KEERTHI MADAPUSI AND ALEX YOUCIS

Definition 4.1.4 (n-normality). Suppose that X is a Deligne-Mumford stack over O. We will say that
X is n-normal'® if it admits an étale cover by affine schemes of the form Spec R with R both p-torsion
free and integrally closed in R[1/p]. Note that, if X’ is normal then it is automatically n-normal.

Theorem 4.1.5 (Tate full faithfulness for apertures). Let X be a Noetherian, n-normal Deligne—
Mumford stack over O with generic fiber X. Then the functor

T BTL*8(X) = Locg(z,) (X)
1s fully faithful.

Proof. By étale descent, we reduce to the case where X = Spec R is affine. We essentially follow part
of the proof by Tate of his theorem for p-divisible groups [93]. By Theorem 4.1.3, for any pair

(QI)QQ) € BTg(’)’U"alg(R) X ]3’1"§<7),u7alg(R)7

the scheme of isomorphisms from £ to £ is represented by an affine scheme Z — Spec R. The
theorem comes down to knowing that every R[!/p]-point of Z extends to an R-valued point.

For this, by the n-normality of R, it is enough to know that an R[!/p]-valued point of Z extends
over the localization at every height 1 prime of R that is minimal over pR.!° This reduces us to
the case where R is a mixed characteristic discrete valuation ring with maximal ideal m. Now, let x
be the residue field of R. For any purely inseparable finite extension «’/k, there exists a finite flat
quasisyntomic map of discrete valuation rings R — R’ such that R'/mR’ ~ x'?° Using this, one sees
that there exists an ind-finite flat quasisyntomic cover R — R, where R, is a discrete valuation ring
with perfect residue field. Via flat descent, it is now enough to show:

(1) Z(Roo) — Z(Rx[Y/»]) is a bijection.
(2) Z(RZr™) — Z(RZE™[1/p]) is injective.
By the definition of BTY "2 to prove assertion (1) (resp. (2)), we can replace Roo (resp. RER™) with

its (derived) p-completion. Note that in assertion (2) the algebras involved are quasisyntomic over
Rso. Therefore, both assertions follow from Theorem 2.3.6. O

Corollary 4.1.6. Suppose that X is a normal flat Noetherian Deligne-Mumford stack over O and
X' — X is a smooth cover. Then, for Q € Locgz,)(Ay), there exists a Q € BTY:M18(x) with Ts(Q)
isomorphic to Q if and only if there is a Q' € BTEH8(X") with Te (') isomorphic to Qlarpy/y)-

Proof. The only if direction is obvious. For the if direction, since X’ — X’ is smooth each k-fold self-
fiber product (X”)*%* is still a normal flat Noetherian DM stack over O. Therefore, Theorem 4.1.5 tells
us that the tautological descent datum for Q| x; yields a descent datum for ', which is effective. O

Remark 4.1.7. Combining the theorem with Theorem 2.4.2, we obtain a proof of Tate’s seminal
full faithfulness theorem for p-divisible groups [93, Theorem 4]. Unwinding everything, one sees that
the proof obtained here is not very different from that of Tate’s, except that his final reduction is
to the case where there exists a homomorphism of p-divisible groups over a complete valuation ring
inducing a given isomorphism of Tate modules. Since we do not have any direct way of defining a map
between apertures that is not an isomorphism, we end up appealing to the faithfulness assertion of
Theorem 2.3.6 instead.

Let us now begin preparations for the proof of Theorem 4.1.3.

18See [1, Appendix A]

19The argument for this is identical to that of algebraic Hartogs lemma for normal rings; see [91, Tag 031T].

201f 1! = k(al/P) for some a € K\KP, then we can take R’ = R[X]/(XP — =X — &), for some uniformizer = € R and
some lift @ € R of a. The general case follows by induction on [/ : k].
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Lemma 4.1.8 (Completed finite presentation). Suppose that {R;}icr is an inductive system of derived
p-complete animated commutative rings with colimit R, and let R be the derived p-completion of R.
Then the natural map

colim BTZ#(R;) — BT} *(R)
18 an equivalence.

Proof. If the inductive system is one of Z/p™Z-algebras, then the conclusion holds because BT%“ is

a finitely presented formal Artin stack.

For the general case, set R; cgtn R;/"p? and R = R/™p?,?! and note that by Grothendieck-Messing

theory we have a Cartesian square

BT} #(R) ————— BP, (R/"p")

BTS*(R) — BP, (R/“D") % pg i) BOR/ D),

and similarly with R replaced by R;. We can now conclude using the previous paragraph, and the
finite presentation of the stacks BPJ and BG.%? O

Lemma 4.1.9 (Algebraic finite presentation). The prestack BTg’“’alg over O is locally of finite pre-
sentation.

Proof. We need to know that the natural map

coli 5 BT%’#(RJ XLOCg(Z/p”LZ)(Ri[l/P]) LOCg(Z/an)(Ri[l/PD}

l

BT%’M(R) XLOCQ(Z/p"Z)(é[l/P]) LOCQ(Z/p"Z) (R[V/p])

is an isomorphism for any inductive system {R;} of animated commutative O-algebras with colimit R.
Now, since Locgz/pnz) is a finite Deligne-Mumford stack the natural map

(4191) COhH} LOCQ(Z/pnz) (Rz [1/;0]) — LOCQ(Z/pnz) (COIIH} Rl [l/p]),

is an isomorphism. Therefore, it is enough to verify that the following commutative square is Cartesian

colim BT} (R;) ————— BT} *(R)

|

Locg(z/pnz) (colim R [1/p]) —> Locg(zpnz) (R[V/2]).

The ring colim, R; is p-Henselian with p-adic completion R. Therefore, by [13, Corollary 2.1.20], the
bottom arrow is an isomorphism. The top arrow is an isomorphism by Lemma 4.1.8. g

The next result is immediate from the definitions, the (formal) étaleness of the Deligne-Mumford
stack Locg(z/pnz) over O[Y/p], and Theorem 3.1.5.

21The choice of p? here is to ensure that R — R is an inverse limit of nilpotent divided power extensions even when
p = 2: For p odd, one could also choose to work with R/“p instead.
22vWe are using the fact that filtered colimits of co-groupoids commute with finite limits; see [66, Proposition 5.3.3.3].
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Lemma 4.1.10 (Algebraic deformation theory). For every nilpotent divided power extension R’ — R
of animated commutative O-algebras, there is a canonical Cartesian diagram

BT%/L,alg(R/) - BP;(R//Lpn)

BTY*8(R) — BP, (R/“p") X pg(r/-pn) BG(R'/“p").

Proof of Theorem 4.1.3. The proof will be via verifying the conditions for Artin—Lurie representabil-
ity [65, Theorem 7.1.6]. It is important for this that we allow animated inputs, though with this caveat
the reader will note that the argument itself (except for the parts establishing finite presentation and
affineness of the diagonal) is quite formal. In what follows, we will use without comment the fact that
BTY* @ Z/p™Z (for m > 1) and Locg(z/pnz) are both locally finitely presented algebraic stacks over
O, and so satisfy the conditions of loc. cit.

Condition (1: local finite presentation) is verified by Lemma 4.1.9. Conditions (2: being an étale
sheaf), (3: integrability) , (5: infinitesimal cohesiveness), and (6: nilcompleteness) all involve behavior
with respect to limits and are easily verified.

For condition (4: existence of a cotangent complex), note that, for any O-algebra R and a map
z: Spf R — BT%’“7 the cotangent complex LBT%’“/ﬁEv,z is a Z/p™Z-module object in the co-category

Perf(R). In particular, it algebraizes canonically to a perfect complex over R. If z lifts to a point

(z,2') € BT9**¢(R), then Lemma 4.1.10 shows that the assignment (z,z’) — Lgros g, . is the

desired cotangent complex for BT%”"alg over O. Note that this is still a perfect complex over BTZ’“’alg
with Tor amplitude in [0, 1].

Condition (7: 1-truncatedness) is verified by seeing that BTY*#8(R) is 1-truncated for any discrete
QO-algebra R: Indeed, this is true for all the spaces involved in the fiber product defining it.

Thus we have verified all the conditions of Lurie’s theorem, and so can conclude using this, the
description of the cotangent complex, and the quasi-compactness of both BT%” and Locgz/pnz) that
BTY#8 is a smooth 0-dimensional Artin stack over O.

We are now tasked with showing that the diagonal A, which we now know is a locally of finite
type algebraic space, is actually affine. For this, note that A[l/p] is affine (in fact, finite étale) and the
p-adic completion A is also affine by Theorem 3.1.5. Moreover, it follows from Proposition 3.9.4 that
the diagonal is a separated algebraic space: Indeed, the cited result shows that the map A(R) — A(F')
is injective for any perfectoid valuation ring R of mixed characteristic with fraction field F'. Since
every mixed characteristic discrete valuation ring is dominated by a perfectoid valuation ring, we see
that the injectivity also holds for such discrete valuation rings. For discrete valuation rings of equal
characteristic, this injectivity is immediate from the already noted facts about A[l/p] and A.

Choose a smooth cover

Spec R — BTY#2l8 BT male
by a smooth affine scheme over O. Let B be the finite étale R[!/p]-algebra representing the pullback
of A[1/p], and let S be the topologically of finite type R-algebra representing the pullback of A. Then
the criterion of Achinger—Youcis from [2, Proposition 3.6] tells us that Algpec g is affine if and only if
the natural map B — S[!/p] has dense image. This follows from Proposition 4.2.4 below. O

4.2. Analytic properties of the diagonal. The purpose of this subsection is to prove Proposi-
tion 4.2.4, and so to complete the proof of the affineness of the diagonal of BT%’“’alg.

Setup 4.2.1. Suppose that we have a smooth covering Spec R — BTY*1& x BT9#1¢ a5 in the proof
of Theorem 4.1.3. This classifies a pair of n-truncated apertures (1, Q5) over the p-completion R and
a pair of G(Z/p™Z)-local systems (Q1,Qz) over R[1/p] whose restrictions over R[!/p| are isomorphic to
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(Tee (1), Tee (Q2)). Write Ap — Spec R for the restriction of the diagonal, and let A — Spf R be
the associated formal algebraic space. As we observed in the proof of Theorem 4.1.3, Ag is a finitely
presented separated algebraic space over R.

Remark 4.2.2. By definition, Ar parameterizes isomorphisms between the n-truncated apertures
2y and Q. The diagonal of BTg"“ is an affine, finitely presented map, and so Ay is represented
by a topologically of finite type R-algebra S. Similarly, ARg[Y/p] is the finite étale scheme over R[!/p)
parameterizing isomorphisms between the G(Z/p™Z)-local systems Q; and Q2, and so is represented
by a finite étale R[1/p|-algebra B.

Remark 4.2.3. We can associate with Agr the generic fiber X defn (ﬁg)n of the formal scheme AR:

This is a finitely presented affinoid adic space over Y defn Spa(]%[l/p]7 R) We can also consider the
affinoid adic space X’ over Y obtained by taking the analytification (relative to R in the sense of [2,
Definition 2.15]) of the finite étale R[!/p]-scheme R[1/p] @ Ag.

Concretely, we have X = Spa(S[Y/p], S) and X’ = Spa(B, BT), where B = B @ R[1/4] R[Y/p], and
Bt C B is the integral closure of R. We then obtain a diagram of adic spaces

X —>X

Y

where the vertical arrow is finite [38, (1.4.2)], and where the top horizontal map is an open immer-
sion [38, Proposition 1.9.6]: For the latter, see also [2, Proposition 2.16].

Note that the map X — X’ from Remark 4.2.3 yields maps of R[!/p|-algebras B — B — S[Y/p].
Our goal is to prove the following:

Proposition 4.2.4. The map B — S[/p| has dense image.

Remark 4.2.5 (The diagonal as an analytic diamond). Suppose that T is a perfectoid R-algebra
and fix a generator & of Filjl\, 7. Unwinding Remark 3.2.21, and after étale localization on SpfT if
necessary, we can assume that the restriction of (Q1,£5) over T arises from a pair (x1,z2) belonging
to the set G( 7/p" 1) x G( 7/p™ 71). Then, for any p-torsion free perfectoid T-algebra T’ that is
integrally closed in T"[1/p], we have canonical identifications

X(T'[Yp), T') = {h € H(T') : w2 = h wrp(u(©)hu(€) ")}
={he HM(T'): h=z1o(u€)hu€) "z;'},

and

X'(T'[Yo], T') = {h € G( 1 /p" 1[Ve]) + w2 = h™ wro(u(©)hu(€) ™)}
={heG( v/p" m[Ve]): h=z10(u€hu(€) Hay"

In other words, we have concretely described the diamonds X<T>7 X;O underlying the adic spaces
Spa(T[Yp], T) xy X and Spa(T/p],T) xy X' as in [88, §10.1].

Remark 4.2.6 (Linearization). Keep the setup from the previous remark. Choose a faithful rep-
resentation G < GL(A), and set M = End(A) ®z, 7/p" r: This is equipped with a canonical
-semilinear bijection 1 ® ¢, which we will denote simply by ¢. Write ®: M[1/¢] = M[\/] for the
operator m — z10(1u(€))e(m)e(u(€)) 'z, and define functors Z¢ and Z' on affinoid perfectoid
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spaces over (T'[Y/p],T) b
ZUT'Yo), T ={me p® , M: m=om)e( e , M/}
2T, T ={me (v ® , M)[Ye]: m=®(m) € (@ , M)[fe]}

Now, Remark 3.9.3 tells us that, we have an isomorphism X<T> = Z0 X g0 X;Q of diamonds over
Spd(T[Yp], T) = Spa(T°[Y/=], T"), where w € T’ is the pseudouniformizer given by the image of &
under the natural map 7 — 7°.

Lemma 4.2.7. The diamonds Z° and Z° are represented by affinoid perfectoid spaces Z = Spa(D, DT)
and Z' = Spa(D’, D) over Spa(T'[Y/p], T). Moreover, the map Z — Z' is a rational open embedding,
and the map D — D’ has dense image.

Proof. Via the usual dévissage, we reduce to the case where n = 1. Choose k > 0 with ®(M) C w*M,
and set ® = w*®. In the following we identify 7/p 7[/¢] with T°[1/=].
By Artin—Schreier theory, the functor C +— (C ®Tb[1/w] M[1/=])®=! is represented by a finite étale

rank .
group scheme over 7°[1/=] locally isomorphic to I, . . Therefore, there exists > 0 such that, for

all affinoid perfectoids Spa(T”['/p],T") over T, we have
ZO(T'[1y], T') = {m e (T @ M) : ®(m) = m}
= {n €T @pm M : O(n) = prn}
(4.2.7.1) - {n €T @ M: d(n) = wkﬂ”n} ,
where the middle identification is given by m — w”m. Moreover, via this identification, we have
(4.2.7.2) Z T [Yo), T') ~ ZO(T'[Yp), T') N " (T @p» M) C T @ M.

Now, (4.2.7.1) tells us that Z"© is represented by an affinoid perfectoid over Spa(T°[V/w],T%): It is a
closed subsheaf of the perfectoid closed unit disk

Dyport (M): (TP [ 1), T?) = T @ M,

associated with M. Furthermore, (4.2.7.2) tells us that Z© is a rational open in Z"O, obtained as the
pre-image of the rational open immersion Dpeyt(M) =, Dyers(M).

By the tilting equivalence [88, Theorem 6.2.7], we conclude that Z = Spa(D,D%) and Z' =
Spa(D’, D"F) are represented by affinoid perfectoids over Spa(T[Y/p],T). It remains to see that the
properties of being a rational open embedding and of D” — D' having dense image are preserved by
untilting: The first follows from [46, Theorem 3.6.14], and the second can be deduced from the explicit
description of untilts of certain rational open embeddings in Lemma 3.6.13 of loc. cit. d

Proof of Pmposmon 4.2.4. Note that R is p-completely smooth over O and so admits a p- completely
flat map R — R. where R, is perfectoid and is the p-completed filtered colimit of finite flat R-
algebras. Lemma 4.2.7 and Remark 4.2.6 together tell us that the map

(4.2.7.3) B&Ro — (S0 R[]

has dense image. This implies that B — S[!/p] has dense image. Indeed, it suffices to show that, for
all n > 1, if @, denotes the cokernel of the map of R-modules B — S[t/p|/p™S then @, = 0. Let us
note that Q,, is p™-torsion, and as R — R is p-completely faithfully flat, we see that Q,, is zero if
and only if Q, ®g R is zero. But, this follows from the density of the image in (4.2.7.3). O
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4.3. An extension property. The following proposition will be used to prove Theorem A.

Proposition 4.3.1. Suppose that we have two n-normal separated algebraic spaces X1 and Xy over O,

and that we are given Q; € BTg’“’alg( i) lifting Qi € Locgz,)(Xi) where X; defn X;.n. Suppose that:

(1) The stack X is of finite type over O and the stack X is excellent.

(2) The formal classifying map Xy — BTg K for Qs is formally unramified.

(3) There is a map f: X1 — Xo and an isomorphism (: Qa|x, — Q.

(4) Given any mized characteristic (0,p) complete discrete valuation field F over O with perfect
residue field, f maps X1(Op) C X1(F) to Xo(OFr) C XoF).

Then there are unique extensions of f to a map X; — Xo and of ¢ to an isomorphism Qi|x, — Qa.

Proof. The proof we are about to see is essentially a generalization of an argument of Pappas from [77,
Theorem 7.1.7] (see also [41, Theorem 3.13]).
Let Y — &1 Xgpec © X2 be constructed as follows: Take the scheme-theoretic image )’ of the graph

Xl M Xl XSpec E X2 — Xl XSpec O XQ

Since X is of finite type over O, we see )’ is of finite type over X;. Now take ) to be the 7-
normalization of }’?3: This is of finite type over &; because of the excellence; see hypothesis [91,
Tag 035S]. It suffices to show J = X, as this implies that ) is the graph of a unique extension
X; — X5 with the desired properties.

The restrictions of ; and Qs yield two objects in BT&“()J) equipped with an isomorphism of
the underlying local systems in LOCQ(ZP)(J}U). Therefore, by Theorem 4.1.5, we see that there is an
isomorphism 1]y — Q2|y. In other words, the classifying maps

Y= X — BT ME .y o xy — BTIH2l8,

are isomorphic.

Suppose that we have a closed geometric point y € Y(k) of the special fiber mapping to x; € X;(k).
We claim that the map of complete local Noetherian rings ﬁAthl — ﬁAy,y is finite.

Write z € BTZ# (W (x)) for the point corresponding to Q1 4, ~ Qa.,,. Let @, (resp. ﬁwl, ﬁAIZ,
and €.) be the universal deformation rings over W (k) for V' (resp. X1, Xz, and BTZ*?8) at their
respective k-points. We now have factorizations

O, = Oy — Oy O, = Oy, — Oy,

of the map 52 — @/ By our formal unramifiedness hypothesis, the first map in the second factoring
is surjective. By construction, the combined map

ﬁm@W(K)ﬁ — ﬁ

whose image is now the same as that of the first factor ﬁzl, is finite (since Y — X Xgpr o X> is finite).
We conclude that the map ﬁml — ﬁAy is already finite.

What we have seen above shows that the map Y — A} is quasi-finite; see for instance [85, Ch. IV,
Propositions 2 and 3]. Since it is also an isomorphism after inverting p, it follows from Zariski’s Main
Theorem and the n-normality of A} that it is in fact an open immersion: one may reduce by étale
descent to [32, Corollary 12.88].

We now claim that every algebraically closed point x1 € &3 (k) of the special fiber is inside the open
Y, which implies that J — X} is an isomorphism as desired. Indeed, by the flatness of X7, we can
find a mixed characteristic complete discrete valuation ring & with residue field x such that x; lifts
to X1(OF); see [91, Tag 0CM2]. But hypothesis (4) tells us that this lift lies in Y(OF). O

23More specifically, take ) to be relative spectrum over )’ of the quasi-coherent Oy/-algebra given by integral closure
of Oy in j*oy%' where j: ¥ — )’ is the open inclusion.
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5. CRITERIA FOR THE EXISTENCE OF APERTURES

The purpose of this section is to develop criteria for proving the existence of apertures when G is
reductive. These are mainly of a ‘pointwise’ nature, and will be employed in the next section to prove
the canonicity of integral models. We will maintain the notation from Setup 3.1.1.

5.1. Apertures over p-completely smooth OJk-algebras. Let K be a complete mixed character-
istic (0, p) discrete valuation with perfect residue field x and absolute ramification index e, and fix a
uniformizer m € K. Our goal here is to characterize the image of the fully faithful étale realization
functor for base formal Ok -schemes. We will assume that G is reductive.

Definition 5.1.1 (The type of a crystalline local system). Suppose that G is reductive and that we
have Q € LOCE?ZSP)(K ). Then, for every representation V of Q we obtain a filtered K-vector space
Fil®* Dar ((V)q)- By [49, Lemma (1.4.5)], there exists a cocharacter of Gk that splits these filtrations
simultaneously for all V. In particular, this gives us a well-defined geometric conjugacy class of
cocharacters of G. This conjugacy class is the type of Q. If A is a representative of the conjugacy
class defined over K, then we will abuse terminology and say that Q has type A. More generally,
if X is a base formal Ok-scheme, a crystalline G(Z,)-local systems Q over X is of type A if, for all
V'€ Repg, (G), the filtration Filfy, Dar((V)q) is, étale locally on X,;, split by the cocharacter A.

Notation 5.1.2. For a cocharacter A of G, let Loccgr{ZS;;‘(K) be the groupoid of crystalline G(Z,,)-local
systems of type A on K. More generally, for any base formal Ox-scheme X, we define Locg(yzsj (%,) to

be the groupoid of crystalline G(Z,)-local systems of type A on X,,.

The two following results characterize the image of the fully faithful étale realization functor on
BTY*(R) in some cases.

Proposition 5.1.3. The fully faithful functor
Ts: BTSH(Ok) — Locgz,) (K)
. . Crys, i
has essential image Locg(yZp) (K).

Theorem 5.1.4. Suppose that X is a base formal Ok -scheme and that 2e < p — 1. Then the fully
faithful functor
Ty : BTSH(X) — Locgz,) (X))

has essential image Locg(yzs:;(%n).

Remark 5.1.5 (Crystallinity from pointwise crystallinity). The work of Guo-Yang [37], as explained
in Remark 2.3.5, tells us that, when X is p-completely smooth over O, then the following conditions
are equivalent for a G(Zy)-local system Q over X,

(1) Q belongs to Locg(yzsz’f)b(fn);

(2) For every classical point z: Spa(K’) — X,;, one has that Q, is in LOCZY{ZS‘;’;(K’).

Thus, in this case, the second pointwise condition can be used to describe the essential image of Tg.

Remark 5.1.6 (Crystalline specialization functors). In the situation of either Theorem 5.1.4 or Propo-
sition 5.1.3 (the latter with X = Spf Ok ), we obtain functors

Locg i (%) = BTZM(X) — BTLH (X)),
Crys, it

where X, is the special fiber of X. Using this, we can functorial associate with every Q € Locg(Z ) (%)
P
a (G, p)-aperture Deys(Q) over X, In particular, for every A € Repy (G), we obtain the F-gauge

defn syn
Derys (A)q) = (A)Dc,ys(Q) € Vect (X™).

If we take the underlying F-crystal over X,, then we are essentially getting a special case of the
similarly denoted functor from [40, §2].
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To prove our main results, we will first need a bit of preparation. Theorem 5.1.4 quickly reduces to
the affine case X = Spf(R), and so we will focus on this below.

Lemma 5.1.7. The étale realization functor Tg,: BTH (O ) — Loccgr(yzsp)(K) lands in Locg(yzs:)‘(l()

Proof. Given Q € BT (0k) lifting Q € Locg(z,)(K), Lemma 3.8.5 shows that Fil* Dgr(Q) is canoni-
cally isomorphic to Filfjy, Tar (Q). This, combined with the definition of BTgC;“, implies the claim. O

Remark 5.1.8 (Reduction to a question of algebraicity). Theorem 2.3.6 tells us that the tensor functor
Repy, (G) — Locz, (R[!/p]) associated with Q factors through an exact symmetric monoidal functor

Repy, (G) — Vect™*(R , 0 ).

By [41, Propositions 1.28 and 1.39], the theorem now amounts to showing that this functor factors
through the fully faithful subcategory Vect?(R , €@ ). Indeed, the cited results would then imply that
Q arises from a G-torsor 9 over R¥"  and our pointwise assumption on the type, combined with
Lemma 5.1.7, implies that  must be in BTS*(R).

To establish the desired factorization, it is now sufficient to show that the analytic prismatic F-
crystal associated with (A)q is in fact a prismatic F-crystal for any faithful representation of G.

Remark 5.1.9 (Reduction to a question of finite freeness). Working étale locally on Spf R, we can
assume that R is a base Ok-algebra admitting a Breuil-Kisin frame &5 as in Example 3.2.2. The
analytic prismatic F-crystal associated with (A)q gives a vector bundle V" over Spec S\V (p, E(u)).
Knowing that we in fact have a prismatic F-crystal amounts to knowing that the reflexive & g-module

L=H° < Spec Sr\V (p, E(u)), Van)
is in fact finite locally free (cf. [39, Proposition 1.26]).

Proof of Proposition 5.1.3. In this case, S, is a regular local Noetherian ring of dimension 2, and so
every reflexive finitely generated module over it is finite free. O

Lemma 5.1.10. Suppose that G =T is a torus over Z,. Then, Theorem 5.1.4 holds.

Proof. We can reduce to the situation in Remark 5.1.9, and so need to check that the reflexive Gg-
module £ associated with a faithful representation A is finite locally free. Since this can be checked
after a faithfully flat base change, we can assume without loss of generality that 7 is split over Gp.
In particular, £3" is now a direct sum of line bundles, and this implies that £ is finite locally free;
see [33, Exposé XI, Théoreme 3.18]. d

Lemma 5.1.11 (Reduction to the complete local case). Suppose that e is arbitrary and that the
following equivalent conditions hold for every mazimal ideal m C R:

(1) The restriction of Q over Spec Ry [1/p) lifts to BT (Ry).

(2) The analytic prismatic F-crystal over Ry, associated with (A)q s in fact a prismatic F-crystal.
Then Q lifts to BTS*(R).

Proof. As in Remark 5.1.9, we can assume that R is a base O-algebra of the form R ®w (.) Ok, and
are therefore reduced to checking that the Gg-module £ is finite locally free. For this, it is enough
to check that, for every maximal ideal m C R, lifting to a maximal ideal n C Gg, the completion
of £ at n is finite locally free. However, the completion (&)} underlies a Breuil-Kisin frame for
]A%m = Ro,mo ®w(x) O, where mg = m N Ry. Therefore, our equivalent hypotheses tell us that ﬁn is

obtained from the evaluation of a prismatic F-crystal over R, and is thus finite free, as desired. [
Notation 5.1.12. Suppose now that R is a base Ok-algebra and that T is the completion of R at

a maximal ideal. Let &, be the Breuil-Kisin frame for 7' obtained as a completion of Sy as in the
proof above, and set Lr =T ®p L.
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Lemma 5.1.13. Suppose that u acts on A with weights in the interval [a,b] with |b —a| = r. Then,
if er <p—1, Ly is finite free over T. In particular, if G is adjoint, then Theorem 5.1.4 holds.

Proof. The first assertion follows from the argument in [62, Proposition 4.3]. The second now follows
from the fact that we can choose A to be the adjoint representation, which has p-weights {—1,0,1}. O

Remark 5.1.14. Suppose that x is algebraically closed. Then one sees that a G-torsor over U defn
Spec 67 \V (p, E(u)) extends to a G-torsor over S if and only if it is actually trivial. This is because
every G-torsor over &p is trivial, since &7 is now a strictly Henselian local ring. Moreover, the
restriction map for G-torsors from Spec Sy to U is fully faithful (e.g., see [91, Tag 0EBJ]).

Proof of Theorem 5.1.4. Without loss of generality, we can assume that x is algebraically closed and
that R is a base Og-algebra with Breuil-Kisin frame &. We only have to show that for every
completion T' of R, the G-torsor Q4" over U defn Spec S \V (p, E(u)) obtained from the analytic
prismatic F-crystal realization of Q extends to a G-torsor over &1 or, equivalently, that it is trivial.
Consider the map G — G defn G4 x G2P: This is a finite flat cover of reductive group schemes, and
Lemmas 5.1.10 and 5.1.13 together tell us that the theorem is valid with G replaced with G and Q
replaced with the associated G(Z,,)-torsor over R[/p|. Therefore, Q3" is trivial after change of structure
group to G, and so admits a reduction of structure group to a Z-torsor over U, where Z = ker(G — G).
However, by purity of branch locus for torsors under finite flat group schemes [71, Theorem 3.1], all
an

Z-torsors over U extend uniquely to Z-torsors over &p. This implies that Qf" also extends to a
G-torsor over &, as desired. O

Remark 5.1.15 (The Hodge type case). If (G, u) is of Hodge type, i.e., there exists a map (G, u) —
(GLp, pa) (see Example 3.1.6) for some d such that the underlying map G — GL;, is a closed immersion,
then we can improve the bound to p < e—1: Indeed, we can replace the use of the adjoint representation
with the faithful representation given by such a map, and this will have pu-weights in {0,1}. When
G = GLj, this amounts to the assertion that any crystalline local system over R[!/p] with Hodge—Tate
weights in {0, 1} arises from a p-divisible group. This is a result of Liu-Moon [62, Theorem 1.2].

5.2. Versality. When we obtain an aperture using Theorem 5.1.4, versality is not automatic. In
applications, it can be understood via a Kodaira—Spencer map, which we now discuss.

Remark 5.2.1 (The formal de Rham realization and a versality condition). Suppose that we have a
map f: X — Bng)“’alg of stacks over O. After completion, we obtain a filtered de Rham realization

-~ g7 T
X — BTLH -5 Gru/Goy 0
By the discussion in Remark 3.4.3, this gives a map of p-complete complexes
A A
LG, /6oy ))/BG0 % = L2/0p )
which is an isomorphism if and only if the map X — BTgé“ is formally étale.

Remark 5.2.2 (The Kodaira-Spencer map). Suppose that X" is a smooth scheme over 0 (,,). Dual-
izing the map from the previous remark, we obtain a map

A A
(5.2.2.1) Tx/6p.. — T(Gru/g%,(v))/sgo F

of vector bundles over X. The left-hand side here is the p-completed tangent bundle of X while the
right-hand side can be described explicitly: The aperture £ classified by f admits a Hodge-filtered de
Rham realization Filf{dg Tur(Q) equipped with a topologically nilpotent integrable connection. Let g
be the Lie algebra of G, equipped with the adjoint representation. Twisting this by Fﬂf{dg Tar(9Q), we

obtain a filtered vector bundle Fil® giyist Over X. There is now a canonical isomorphism

T?Gru/gﬁE (wy)/BYo |2? = gtWiSt/FﬂO Gtwist -
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Now, (5.2.2.1) now gives a map T‘/)\(/ﬁE,(v) — Btwist/ Fil” giwist. This is just the Kodaira—Spencer map

associated with the integrable connection on Filjjy, Tyr (), and so versality comes down to knowing
that this is an isomorphism.

5.3. Apertures via reduction of structure group.

Setup 5.3.1. Let x be an algebraically closed characteristic p field over O, and let Ry — R3 be a map
of complete local normal rings that are flat and formally of finite type over W (k). We will assume that
both Ry and Ry have residue field x. Suppose that we have a closed immersion (Go, p2) — (G1, 1) of
two pairs as in Setup 3.1.1, with u; and ps both defined over O, and with both G; and Go reductive.
Suppose also that we have Q; € Locg,(z,)(Ri[}/p]) such that the restriction of Q; over Spec Ra[/p] is
isomorphic to the change of structure group of Qs along the map Go2(Z,) — G1(Z,). We will assume
that Q lifts to Q; € BTgé’“l (R1). Write Q1,9 = Qi |xsvn for the resulting aperture over k.

Remark 5.3.2. Let us put ourselves in the situation of Setup 3.2.15: We will choose a faithful
representation A of Gy, and take {s,} C A® to be a finite collection of tensors whose pointwise
stabilizer is G3. As in Remark 3.2.16, the F-gauge (A)q,|xsy» corresponds to a p-adically filtered
W (x)-module Fil® Ly equipped with an isomorphism

Zp_igo* Fil' Ly =5 L.

=7/

For every x: Ry — O, the existence of the reduction of structure Q2 for Qi|spec r, (/5 tells us that
we have global sections
{Saz} C HO(Spec K, (A)gﬂw).

Via the specialization functor De,ys (see Remark 5.1.6), these map to ¢-invariant tensors

{DCTYS(S(X7$)} € Dcrys((A)Q2|I)® >~ Lég)

The isomorphism Derys ((A)q,|,) = Lo used here is the natural one.

Remark 5.3.3 (Families of F-isocrystals). Suppose that Ry is formally smooth over W (k), equipped
with a Frobenius lift ¢: B; — R;. Then the rigid analytic space Uy, associated with U; = Spf R; is
an open polydisk. Moreover, the F-gauge £ lifting (A)q, yields a filtered F-isocrystal over Ry /pRy,
which realizes to a filtered vector bundle Fil* Lg over Uy, equipped with an integrable connection,
and specializing to Fil® L,[1/p] at every classical point z € Uy, (K). Set
def -~ V=0

Eg e:n HO (Ul""]’ EQ) :
This is a finite dimensional vector space over W (k)[!/p], and inherits the structure of an F-isocrystal
from that on Lg. Moreover, we have a canonical isomorphism of F-isocrystals

. v ~
d: ﬁﬁl,n QW (r)[1/5] EQ — Lo
over (717,7. This is a consequence of Dwork’s trick; see [45, Proposition 3.1].

Remark 5.3.4 (Application of the de Rham functor of Liu-Zhu). By Remark 3.8.3, Fil® Lg is also
obtained from the filtered F-isocrystal associated with the Zy-local system (A)q,. If [72,77 is a smooth
rigid analytic space over W (k)[!/p], then the restriction of Fil® Ly over [72,,, is once again a filtered
vector bundle with integrable connection, and is associated with (A)q, via the Dgr functor of Liu—
Zhu [61, Theorem 3.9]. In particular, this functor carries the global sections

{sa,q.} C H(Spec Ra[1/p], (A)E‘i)

to a collection
0/73 .10 V=0
{Sa,c0} € H?(Ua,y, Fil Eg) .
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Remark 5.3.5 (Type of reduction at every point). Suppose that Qi lifts to Q; € BTY**1(R;),
and that we have a finite extension K/W (x)[!/p], and a map x: Ry — Ok of complete local rings.
The G1(Z,)-local system Q1] has a reduction of structure to a Ga(Z,)-local system Qz|,, which is in
Locg;y(sz’g 7 () for some cocharacter y; mapping to the Gi-conjugacy class of p1. We will refer to the

conjugacy class of uf as the type of z.

Remark 5.3.6 (Compatibility between specializations of points). Suppose that we have two points
x: Ry — Ok and y: Ry — O as in Remark 5.3.5 for finite extensions K and L of W (k). Then,
via the specialization functor from Remark 5.1.6, we obtain Go-bundles De;ys(Q2|z) and Derys(Qzly)
over k, which are both canonically reductions of structure group for the Gi-torsor Q5. In particular,
it makes sense to ask for them to be equal; in this case, it follows that x and y have the same type.
Explicitly, this equality amounts to asking that, for every index «, we have

Derys(Sa.2) = Derys(5a,y) € L

Proposition 5.3.7. In the situation of Remark 5.3.3, suppose further that the rigid analytic space
Us,y is also smooth over W (k)[Y/p], and that some x as above has type pio. Then:

(1) There exists a lift of Qa to Qy € BTI2H2(Ry).
(2) Suppose that the following conditions hold:
(a) The classifying map Spf Ry — BT for 9y is formally unramified;
(b) If I = ker(Ry — Rs), then Rs is finite over Ry/I and we have an equality of fraction
fields K(Ry/I) = K(Rs);
(¢) dim Ry = 1 + dim Gy — dim P, .
Then R1 — Ry is in fact surjective and the classifying map Spf Ro — Bng’“"’ for Qg is the
universal deformation ring over W (k) for BT922 at Qg 4.

Proof. To begin, note that there is a canonical isomorphism of F-isocrystals Lg[l/p] — Eg . Suppose
that we have x: Ry — Ok as in our hypothesis. The tensors {s, ¢, } map to the ¢-invariant tensors
{]D)nys(saw)} € Lf)@, and these in turn yield a collection of parallel p-invariant tensors

defn

{Bazo} " ({1 ® Derys(3a)}) € HO (T, £8)7 "

The restriction of this collection over (72)7, agrees with {s,, .} at = and so, by horizontality, must agree
everywhere.24 Thus, the tensors {Dcrys(sa’z)} are independent of z, and so we see using Remark 5.3.6
that there is a canonical reduction of structure Qs 9 C Q1,0 to a (Ga, p2)-aperture over x such that,

Dcrys(Q2|x’) =020 C Q.

for all finite extensions K'/W (k)[!/p] and all maps 2’: Ry — Ok-.

Let R; be the universal deformation ring for ;0 for i = 1,2 (see Remark 3.1.9). The map Ri — Ry
is a surjective map of formally smooth complete local Noetherian W (k)-algebras: This amounts to the
observation (which follows from the Grothendieck—Messing theory explained in Theorem 3.1.5) that
Bng’“2 — BTgé"“ is a formally unramified map of formally smooth formal stacks.

We have a map R, — R, classifying ; as a deformation of 1,0. Now, by what we have seen above,
for every z’: Ry — O, the composition Rl — Ry — Ry — Ok factors through R2. Since Rl — RQ
is surjective, this implies that in fact the composition Ri — Ry — R, factors through Rs: In other
words, we have a deformation s over Ry of Q5 ( specializing to the various Tézl(Q2|m/). To finish, we
need to know that T¢ (Q2) = Q2 as reductions of structure to Go(Z,)-torsors within the G, (Z,)-local
system Qi |spec ro[1/p]- This equality can be checked over x, where it holds by construction.

24We are using the connectedness of (7'2,,7 here; see [19, Lemma 7.3.5].
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Let us now verify (2): Under the hypotheses here, the map Ry — R, is surjective, and the map
Ry — Ry is finite and its image has the same field of fractions as Rs. Since we have the equality

dim Ry = 1 + dim G, — dim P,,, = dim Ry,
by hypothesis, and since ]:22 is normal, we now find that ]:22 = R,. This of course shows that R; — Ry
is surjective, and identifies Ry with the deformation ring of Bng”‘2 at Qo 0. O

Setup 5.3.8. X will be a normal algebraic space flat of finite type over O with generic fiber X,
equipped with Q € Locgz,)(X). We will assume & is equidimensional with relative dimension over O
equal to dimG — dim P . Also, we will require that there exist a closed immersion (G, 1) < (G, uh)
of pairs as in Setup 3.1.1 with both G and G* reductive, and that there exists a commuting diagram

X — Locg(z,) = BTZ"*2 © Q,

| |

X BTY:#
Xﬁ ; BTgu,pu,alg
where the top horizontal arrow classifies Q.

Proposition 5.3.9. In the situation of Setup 5.3.8, suppose that the following condition holds: For
all closed points xo of X, the tuple

(Rl = é)?(ﬁ,woa Ry = ﬁX@gv Q= Dﬁ RY™ Q2 = Q2|SpecR2[1/p])

satisfies the hypotheses of Proposition 5.3.7. Then Q lifts to Q € BTg;“’alg(X), and the classifying
map X — BTg;“ is formally étale.

Proof. We can assume that X’ is affine. Proposition 5.3.7 tells us that the complete local ring R,
of X at any geometric closed point x is formally smooth over O and that in fact Q lifts to a reduc-
tion of structure 9, € BTY#(R,) such that the classifying map Spf R, — BTZ%* is formally étale.
In particular, X is smooth over O, and the conditions of Lemma 5.1.11 have been verified. This
shows the existence of Q. That the resulting classifying map on X is formally étale now follows from
Proposition 5.3.7 once again, and Lemma 5.3.10 below. O

Lemma 5.3.10. Suppose that we have a p-complete ring R and:
o A smooth p-adic formal algebraic space X over Spf R;
o A formally cohesive®® and integrable p-adic formal prestack ) over Spf R admitting a p-
completed cotangent complex IL%/R that is in fact a vector bundle of finite rank over %); and
e Amapw: X —9);
with the following property: For every closed point x: Speck — X with k algebraically closed, the map
of complete local rings ﬁwa — 5’3396 is an isomorphism. Then w is formally étale: that is, the
formal cotangent complex L%/zj is nullhomotopic.

Proof. Note that our hypotheses imply that ) admits universal deformation rings, so the given property
is sensible; see [65, Corollary 6.2.14], which is just a classical criterion of Schlessinger. Moreover, by
our smoothness hypothesis, the cotangent complex Lg\e /R is a vector bundle of finite rank over X.

We can of course assume that X = Spf S for some p-complete R-algebra S with L(s/ps)/(r/pr) finite
locally free over S/pS. Via the fundamental sequence

25See [65, Definition 6.2.1].
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of p-completed cotangent complexes and our hypotheses, we find that I[/% /9 is a perfect complex over
S with Tor amplitude in [—1,0]. Therefore, to prove the lemma, it is enough to know that, for any
map z: S — k with s algebraically closed and with kernel a maximal ideal, we have z*L% /9 =~ 0 as
perfect complexes over k.

Let C. be the oco-category of animated Artin W (x)-algebras with residue field x?° Then, by the
definition of universal deformation rings in the derived context, for any (A, m) in C,, equipped with a
local map from 5@@@), we have

efn >
M (A) def ﬁbI(Map/QJ (Spec A, X) — Map 9 (Spec n,f{)) ~ Mapg@yw(m)/(ﬁx@, A)

where the mapping space on the right is taken in the oo-category of animated complete local W (k)-
algebras with residue field k. Our hypothesis now says that the right-hand side is contractible.

On the other hand, by the definition of the cotangent complex, if we take A = kK ® M to be an
animated square-zero extension of k by a bounded above complex M of k-vector spaces, we have

M(A) =~ 75"RHom (2*1LY /o), M).
Thus, in total, we see that :c*I[/% /9 is nullhomotopic, as desired. O
5.4. Behavior under central isogenies.

Setup 5.4.1. Suppose that we have a central extension G — G of reductive group schemes over Z,,
i.e., a faithfully flat map G — G of reductive Z,-group schemes with kernel Z central in G. The
minuscule cocharacter p induces a minuscule cocharacter 7z of G.

Definition 5.4.2 (Apertures for Z). Even though Z is not necessarily smooth over Z,, for n > 1, one
can still consider the p-adic formal stack BTf 0 over Spf 7, assigning to each p-complete ring R the
oo-groupoid of Z-torsors over R ® Z/p"7Z whose restriction over BG,,, X Speck is a trivial Z-torsor
for every geometric point R — k of Spf R.

Remark 5.4.3 (Representability). The formal stack BTf’0 is represented by an étale formal algebraic
stack over SpfZ,. This is a special case of [28, Theorems 8.7.2 and 8.8.4]. These results need to be
applied to the 1-bounded stack X = (X°, X°) over ZY" obtained as follows: The underlying stack X®
is just the classifying stack BZ x Z™. Its fized point locus is the formal stack over Z, parameterizing,
for each p-complete R, Z-torsors over BG,, x Spf R—that is, of graded Z-torsors. Within it we have
the open and closed substack X of trivially graded Z-torsors, which is of course isomorphic to BZ.

The pair X = (X°, X°) is the 1-bounded stack we are concerned with. In this situation, the
attracting locus X~ and the stack X defined in §8.4.3 of op. cit. are both also BZ. Unwinding
definitions shows that the formal stack Tgyn (X ® Z/p"Z) defined in op. cit. is the same as BTZ*?. Now,
Theorem 8.8.4 of op. cit. there tells us that BTS 0 is represented by a finitely presented derived formal
Artin 1-stack over Spf Z,, and Theorem 8.7.2 tells us that its deformation theory is governed by that
of X~ = BZ over itself, which in turn shows that it is étale.

Remark 5.4.4 (Over perfectoid rings). If R is a perfectoid ring, then an object in BTf’0 is the same
as a Z-torsor D (for the fppf topology) over gr/p™ r equipped with an isomorphism *D == D.

Lemma 5.4.5. For any flat affine group scheme H over Z/p"Z, the stack Y assigning to each F-
algebra A the groupoid of pairs (D,a), where D is an fppf H-torsor over W,,(A), and ¢*D = D is
an isomorphism of H-torsors, is canonically equivalent to (BH)(Z/p"Z).

Proof. This is classical: The stack ) is étale over F,,, and we have a natural map (BH)(Z/p"Z) — Y
which is an equivalence on Fp—points by descent. O

263ee [65, §6.2].
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Proposition 5.4.6. There is a canonical isomorphism from BTS’O to the p-adic formal stack obtained
by restricting (BZ)(Z/p™Z) to p-nilpotent rings.

Proof. Since both formal stacks are étale over Spf 7Z,, it suffices to establish an isomorphism between
their restrictions to perfectoid rings. Here, this follows from Remark 5.4.4 and Lemma 5.4.5. O

Lemma 5.4.7. There is a canonical equivalence of Z-stacks
fib (LOCQ(Z/an) — LOCE(Z/;D"Z)) = (B2)(Z/p"7),

where the left hand side is the stack fiber over the trivial G(Z/p"Z)-torsor.

Proof. The left hand side is the étale sheafification of the constant groupoid [G(Z/p"Z)/G(Z/p"Z)).
Therefore, it is enough to know that there is a canonical equivalence of groupoids
G(2/p"2)/G(Z/p"2)] = (BZ)(Z/p"Z).

This is obtained from assigning to every g € G(Z/p"Z) the Z-torsor of lifts to G(Z/p"Z), and noting
that, by Lang’s theorem and the smoothness of G, every Z-torsor over Z/p"Z arises in this fashion. 0O

Proposition 5.4.8. The natural map
) G,p,al G al
g: BT, & — BT, "™8

is étale and surjective. In fact, it is a torsor for (BZ)(Z/p"Z), and so factors as a gerbe banded by

Z(Z/p"Z) followed by a torsor for the abelian group Hg, (Spec Z/p"Z, Z).

Proof. The deformation theory from Lemma 4.1.10 tells us that this map is étale. One sees next that
(BZ)(Z/p"7Z) acts on BTY*!8 In the generic fiber, this follows from Lemma 5.4.7, which actually
shows that the action is simply transitive on the fibers of 8. Over the p-completion, this can be deduced
from Proposition 5.4.6, and the fact that BTf 0 acts naturally on BT%’“—in fact, simply transitively
on the non-empty fibers of 3.

The only thing that remains to be verified now is that 3 is surjective modulo p. Via the quotient
description in Remark 3.2.21, for any algebraically closed field s over k, we have the map of groupoids

[G(Wo(k))/H™M (1)) = [G(Wa(x))/H," (5)).
We want to show that this is surjective. This translates to knowing that, given g € G(W (k)), we can
find 7o € H." (k) such that 7(F)~go(R) lifts to G(Wi(x)).
The obstruction to lifting g is witnessed by the Z-torsor By over W, (x) parameterizing lifts of g to
G(W,(k)). Now, the maps
7 HO (k) = G(Wi(k)) 5 7 HY'
are obtained as projections using the identifications
7 — n +(n) - = n
H{M (k) = G(Wi(K)) Xg(esmpmy Py (6/%p™) 3 H,” (1) = G(Wi(K)) X g /ipmy P (5/5D").

This implies that the 7 maps induce isomorphisms of groupoids

(H (0)/HM ()] <2 [G(Wa(5))/G(Wi(k))] = (BZ)(W(r))

(k) = G(Wa(r))

Here, the second isomorphism is obtained from the map assigning to g € G(W,,(k)) the torsor By.
By Lemma 5.4.9 below, we can write

(5.4.8.1) By~ (-1)"¢*"B® B
for some other Z-torsor B over W, (). From the last paragraph, the Z-torsor B is isomorphic to B;

for some h € ﬁftn)(n). The isomorphism (5.4.8.1) shows that B, 15, is thus the trivial torsor,
and thus 7(h)~'go(h) lifts to G(W,,(k)), as desired. O
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Lemma 5.4.9. Let Z be a flat commutative affine group scheme over Z,, and let k be an algebraically
closed field of characteristic p. Then, for all n > 1, the Lang morphism of groupoids

p —id: BZ(W,(k)) = BZ(W,(k))
18 surjective.

Proof. We proceed by induction on n. When n = 1, this is clear, as BZ(k) is a connected groupoid.
If the claim holds true for n — 1 > 1, then to see it holds for n it suffices to show that the induced map
@ —id: ﬁb(BZ(Wn(H)) — BZ(Wn,l(K;))) — ﬁb(BZ(Wn(Ii)) — BZ(Wn,l(n)))

is surjective. We now have an identification
fib(BZ(Wy (k) = BZ(Wy_1(k))) ~ Map,, ((z[-1] ® K, k),
where {7z = e*ILz/z, . Here, e is the identity section of Z. Now, £z is isomorphic to My & M; [1] for
F,-spaces M;. We have:
Map/n(ﬁz[—l] ® K, K) = Map/m((Mo[—l] ® k) © (M1 ®@ k), k) =~ Map (M ® K, k) =~ MY ® k.
The surjectivity of the Lang map now reduces to that of ¢ —id : kK — &, which is clear. O

Proposition 5.4.10 (Descending along central covers). Suppose that X is a normal flat Noetherian

algebraic space over O with Q € LOC@(ZP)(XU)' Suppose that there exist:

(1) An étale cover X — X with a lift Q € Locg(X,)) of the restriction of Q;

(2) A lift Q € BT 8(x) of Q.
Then Q lifts to Q € BTE;W”%(E), and the p-completed classifying map X — BTE;E for Q is formally
étale if and only if the corresponding one X — BT&“ 18 so.

Proof. The first part of the conclusion is immediate from Corollary 4.1.6, while the second is a conse-
quence of the étaleness assertion from Proposition 5.4.8. O

Setup 5.4.11. Suppose that we have the following data:

(1) a flat normal algebraic space X over O with generic fiber X;

(2) an aperture 9 € BTI7*8(x) lifting Q € Locg s, ) (X):

(3) a finite Galois cover Y — X with Galois group A such that Q|y lifts to Q € Locg(z,)(Y).
Let YV — X be the normalization of X in Y.

Notation 5.4.12. Let X Ori C X be the open subspace with the same generic fiber but whose p-adic
completion is X " BTgC;T"OYd.

Remark 5.4.13. Suppose that X4 — BTZ;E’B”lg is formally étale after p-adic completion. Then, for
every perfect field x over k and = € X°"(k), we have a canonical lift z°* € X (W (k)) corresponding

to the canonical lift ﬁian of the f-ordinary aperture Q, (Definition 3.6.13).

Proposition 5.4.14 (Ascending along central covers). Fiz an algebraic closure k of k, and suppose
that the following is true:

(1) p>2;

(2) A is a finite abelian group;

(8) X is smooth over O; B

(4) The classifying map X — BT9PY8 s formally étale after p-adic completion;

(5) Givenx € X°'(k) with canonical lift z°** € X (W (k)), the space Yyean defn Y X x gean Spec W (k)

is a split étale cover of Spec W (k)[Y/p];
(6) For every § € Yyean (W (k)[Y/p]), the representation Q|g is crystalline of type .
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Then:

(1) Y — X is once again a Galois cover;
(2) Q lifts to Q € BTS:M8(y).

The proof will require a bit of preparation.

Definition 5.4.15. Suppose that Z — W is a finite map of O-schemes with étale generic fiber. Given
an extension of complete discrete valuation fields @[1/p] C K and a point w € W(O ), we will say that
f is strongly unramified at w—or, equivalently, that w is strongly f-unramified—if the finite
étale K-algebra corresponding to Z, Xyy ., Spec Ok is a product of unramified extensions of K.

Lemma 5.4.16. Suppose that p > 2 and that W is a smooth algebraic space over O, and suppose that
f: V=W, is a finite Galois cover with abelian Galois group A satisfying the following property:

o There is a dense open subspace U of the special fiber Wy such that, for every w € U(k), there
exists a strongly f-unramified lift © € W(W (k)) of x.

Then V extends to a Galois cover YV — W.

Proof. Let F': V — W be the normalization of W in V. We want to show that I’ is finite étale. Since
O — O is faithfully flat, F is finite étale if and only if its base change over @ is so. Moreover, ¥V ®p O is
the normalization of W@ O in V ®O[1/4] O[1/p): this follows because O is a filtered colimit of smooth
O-algebras [91, Tag 07GB]. Therefore, without loss of generality, we can assume that O = O = W (k)
is p-adically complete and that k = k is algebraically closed.

By dévissage, we can reduce to the case where A = Z/¢Z for some prime ¢: This reduction only
needs the observation that, if we have a factorization ¥V — W’ — W with the second map finite étale,
then the preimage of U in W' satisfies the same properties as U but now with respect to ¥V — W'.

Given our first hypothesis, it follows from Lemma 5.4.17 below that, for every generic point n of
V., the local ring Oy ,, is a discrete valuation ring with maximal ideal generated by p.

By purity of the branch locus [34, Corollaire 3.3], it suffices to know that, for any such 7, lying
above a generic point 1’ of W,, the map Oy, — Oy, of discrete valuation rings, both admitting p
as a uniformizer, is étale. If the corresponding finite extension of residue fields k(n)/k(n’) is separable,
and in particular, if ¢ # p, then this is immediate.

Therefore, we can assume that £ = p and that the extension of residue fields is purely inseparable
of degree p. In this case, any generator of A will act as the identity on the residue field k(n). Since
p > 2, this is impossible: See for instance the proof of [73, Proposition 3.22]. O

Lemma 5.4.17. Let R be a complete discrete valuation ring with uniformizer m and algebraically
closed residue field k. Suppose that V is an integral scheme, flat and of finite type over R such that,
for every generic point n of the special fiber V,, the local ring Oy ,, is a discrete valuation ring and

im(V(R) = V(k))

is set-theoretically Zariski dense in V.. Then, V, is generically reduced, i.e., for any generic point 1
for Vs, one has that w is a uniformizer in Oy ).

Proof. This is essentially [37, Lemma 6.6], but, since the hypotheses there are a bit stronger, we recall
the proof here. Let @w € 0y, be a uniformizer, and suppose that we have 7 = uw™ for some u € ﬁfjm.
By localizing on V, we can assume that V = Spec A is affine and that we have @ € A and u € A*.
Furthermore, by our density hypothesis, we can also assume that we have a section x: A — R of the
R-algebra A. This shows 7 = z(u)z(w)™ € R. Clearly, this is possible only if m = 1. O

Lemma 5.4.18. Suppose that W is a smooth algebraic space over O and that W = W is a gerbe
banded by a finite abelian group A. Suppose there is a section s :: W,y — W with the following property
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o There is a dense open subspace U of the special fiber Wy, such that, for every w € U(k), there
exists a lift w € W(W (k)) such that the section

Spec W (k)[/s] =2 W, — W
extends over Spec W (k).
Then s extends to a section W — W.

Proof. To begin, if we have two extensions of s over W, then the space of isomorphisms between them
is a A-torsor over W, admitting a canonical trivialization over W;,, and so is itself canonically trivial
(see for instance [91, Tag 0BQG]). In particular, to prove the existence of such an extension, we can
work étale locally and assume that the gerbe is trivial. The section s now corresponds to a A-torsor
V — W,, and the extension property amounts to the concrete assertion that the normalization of W
in V is a finite Galois cover ¥V — W. Given our hypothesis, this now follows from Lemma 5.4.16. [

Proof of Proposition 5.4.14. Hypothesis (4) tells us that X4 C X is open and fiberwise dense, and
combining this with hypotheses (2), (5) and Lemma 5.4.16 gives us assertion (1), i.e., that the nor-
malization ) — X is a finite Galois. B
Now, for assertion (2). For every n > 1, Proposition 5.4.8 tells us that lifting from BT,QL’E’ngg
to BT,%’”’alg amounts to trivializing a torsor for the finite group Hflppf(Spec Z/p"Z, Z) followed by
trivializing a gerbe banded by Z(Z/p"Z). Now, we have such a lift over Y, corresponding to such
trivializations over it, compatibly for all n. The trivialization of the torsor part automatically extends
over ); see [91, Tag 0BQG]. By hypothesis (6) and Proposition 5.1.3, combined with hypothesis (6)
and Lemma 5.4.18, we find that the trivialization of the gerbe part also extends over ). Taking the
limit over n now yields the lift in assertion (2). O

6. INTEGRAL CANONICAL MODELS: DEFINITIONS AND FIRST PROPERTIES
We will be following the conventions for Shimura varieties as laid out in [21].

Setup 6.0.1. Given a Shimura datum (G, X), for z € X, the conjugacy class {u,} of the associated
Shimura cocharacter 1,27 is defined over the reflex field £ C C and is independent of the choice of .
We will denote this E-rational class by {u}. For a compact open subgroup K C G(Ay), let Shx be
the canonical model over F for the complex Shimura variety with complex points given by the orbifold

Shi(C) = G(Q\X x G(Ay)/K.

Note that Shg is a Deligne-Mumford stack over E that is a quasi-projective scheme when K is neat
in the sense of [81, §0.6], and that in general Shy is the stack quotient of Shg. by the finite group
K/K', for any choice of neat compact open subgroup K’ C K.

6.1. Etale realizations on Shimura varieties.

Definition 6.1.1 ([53, Definition 1.5.4, Lemma 1.5.5]). A torus T over Q is cuspidal if it is isogenous
to a product of a Q-split torus and a Q-torus that is anisotropic over R.

For a general Q-torus T, the anti-cuspidal part T,. C T is the minimal Q-subtorus such that
T/T,. is cuspidal.

Remark 6.1.2. If T is a cuspidal torus over Q, then any sub-torus is also cuspidal. This follows for
instance from characterization (v) in [53, Lemma 1.5.5].

Remark 6.1.3. The anti-cuspidal part is also characterized as the smallest subtorus of the maximal
anisotropic subtorus 7, C T" that contains the maximal R-split subtorus of Tj, g: in other words, it is
the Q-Zariski closure in T of the maximal R-split subtorus of T;, .

27For any representation W of Gg, z yields a Hodge structure W5 on W and p, acts on W24 by z +— 27P.
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Definition 6.1.4 ([53, §1.5.6]). We will define G° = G/Z(Q)4c, where Z(G) C G is the center, and
where Z(G)4c is the anti-cuspidal part of the connected component Z(G)° C Z(G): we will refer to it
as the cuspidal quotient of G.

Remark 6.1.5. As noted in the footnote on p. 34 of loc. cit., this definition differs from the one
used for instance by Lovering in [64], since we are not assuming Milne’s axiom requiring that Z(G)°
split over a CM field. If we made this assumption, then we could identify Z(G)q. with the maximal
anisotropic subtorus of Z(G) that is R-split.

Lemma 6.1.6. Set Z(G)k defn (G Q)N K. Then:

(1) The map of complex analytic spaces X x G(Ay) — Shi(C) is Galois with Galois group given
by (G(Q) x K)/Z(G)k where Z(G) i is embedded diagonally.

(2) For any normal subgroup K' C K, Shig: — Shg is a finite Galois cover with Galois group
K/K'Z(G)k.

(3) For K neat, we have Z(G)x C Z(G)ac(Q); in particular, the map G(Q) — G°(Q) factors
through Z(G)k\G(Q), and the map K — G°(Ay) factors through K/Z(G)}, where Z(G) C
K is the closure of Z(G)k in K.

Proof. Only the last assertion needs proof. This follows from [53, Lemma 1.5.7]. O

Construction 6.1.7 (Etale realization). By assertion (2) of Lemma 6.1.6, we have a cofiltered system
of Galois covers

{Shgs = Shi } krar

where each cover has Galois group K/K’'Z(G) . The inverse limit of this system is a pro-Galois cover
of Shx with Galois group K¢ e g /Z(G)F, which by assertion (3) of the same lemma admits an
injective map to G°(Ay). In fact, since the kernel of G — G° is connected by definition, K¢ maps
isomorphically onto a compact open subgroup of G°(Ay), which we denote by the same symbol. We will
denote the canonical pro-étale K°-torsor over Shx by Etyx. For every prime ¢, if Kj is the projection

of K¢ into G°(Qy), then we will write Etg o for the K§-local system obtained from Etg.

Lemma 6.1.8. If f: (G1,X1) — (G2, X3) is a map of Shimura data, then f(Z(G1)ac) € Z(G2)ac,
and thus f induces a map f¢: G{ — G5. If f is a closed immersion, then so is f€.

Proof. For the first assertion, see [41, Lemma 2.5]. For the second, using f to identify G; with a
subgroup of Ga, we need to verify that Z(G1)ee = G1 N Z(G2)ae. This in turn is equivalent to
knowing that Z(G1)°/(G1 N Z(G2)ac) is cuspidal. But this torus is a sub-torus of the cuspidal torus
Z(G2)°/Z(G2)ac, and so we can conclude using Remark 6.1.2. O

Remark 6.1.9 (Functoriality of étale realizations). In the situation of the lemma above, suppose that
we have compact open subgroups K; C G;(Af) and K{ C G§(Ay) for ¢ = 1,2 with f(K;) C Ko,
fO(KYT) C fe(KS), and with K; mapping into K¢ under G;(Ay) — G§(Ayf). Then by the theory of
canonical models of Shimura varieties, we obtain a map

ShKl — ShK2 ®E2E1

of stacks over Ey. Here, E; is the reflex field for (G;, X;). Then the construction in Construction 6.1.7,
combined with Lemma 6.1.8, shows that there is a a canonical K{-equivariant map

EtK1 — EtK2|ShK1‘

6.2. The de Rham realization on Shimura varieties. We recall here some properties of the de
Rham realization on Shimura varieties. We will maintain the notation and hypotheses stemming from
Definition 6.3.1.
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Construction 6.2.1. By definition of the reflex field, the geometric conjugacy class {u} in G of the
Shimura cocharacters

z(z,1) (az,az)+a®z

ha
te: G c Gm,c X G S¢ —= G¢

is defined over £ C C. This implies the following: There exists a canonical projective homogeneous
variety Gry_,} over E parameterizing filtrations on representations of G?® that are étale locally split
by a cocharacter of G in the geometric conjugacy class {-u}.

Remark 6.2.2 (The de Rham realization). As explained in [22, §5.2], there is a canonical functor
from Repq(G€) to the category of variations of Q-Hodge structures over the complex analytic space
Shitc: Given V' € Repg(G€), the fiber of the associated variation of Q-Hodge structure at any lift
(x,9) € X x G(Ay) is canonically isomorphic to the Hodge structure on V' arising from the Deligne
cocharacter h,: S — Gg at z.%°

Moreover, the underlying filtered vector bundle with integrable connection for each object in the
image of the functor is algebraic. That is, with every V' € Repg(G*©), we can associate a filtered
vector bundle Filjyy, dRk (V) over Shi ¢, equipped with an integrable connection satisfying Griffiths
transversality. This functorial association yields in particular a map Shx ¢ — Gr-, c/Gc classifying a
filtered G°-torsor FilI'{dg dR g ¢ over Shi ¢, and this filtered G°-torsor is equipped with an integrable
connection satisfying Griffiths transversality; compare with Remark 3.4.3.

By [72, Theorems 4.3 and 5.1], this descends canonically to a filtered G*-torsor Filjjq, dRf g over
Shg, and the integrable connection also descends. Therefore, for any V' € Repg(G¢), we obtain a
canonical filtered vector bundle Filfj,, dRx (V) over Shx with an integrable connection satisfying
Griffiths transversality.

Remark 6.2.3 (The Kodaira-Spencer map). Let Tgy,,. /£ be the tangent bundle for Shg. By Griffiths
transversality, for any V' € Repg(G€©), we obtain a map of vector bundles

Tt/ — BiHom (srrq, dRc(V), erizely dRc(V) ).

This arises from a single map Tsy, )z — dRk(g9g)/ Fil’ dRk (gg), where g is the Lie algebra of G
equipped with the adjoint action, and we refer to this latter map as the Kodaira—Spencer map for
Shg. By the construction of the Shimura variety, this map is an isomorphism. See [21, Proposition
1.1.14] for a discussion of this over C.

Remark 6.2.4 (de Rham property of the p-adic étale realization). Fix a place v|p of E, and let Sh%¢ 5
be the rigid analytification of Shx over E,. Any V' € Repg(G©), viewed as a Q,-representation of G,
can be twisted by Etg , to obtain a Q,-local system Et g , (V) over Shg. In [61], Liu and Zhu showed

an

that the restriction over Shi p of Etx (V') is de Rham. More precisely, they showed that there is a
tensor-functorially associated filtered vector bundle Filfyy, dRIf(Z’I’)an(V) over Sh%’ i equipped with an
integrable connection satisfying Griffiths transversality, such that Etx (V) is associated with it in the
sense of [87, Definition 8.3]. In particular, for every classical point x of Shi i, , Etx ;. (V') corresponds
to a de Rham Galois representation, and the fiber of Filf,, dR%f”(V) at z is canonically isomorphic
to the image of Etg , . (V) under Fontaine’s Dgg functor.

Remark 6.2.5 (Work of Diao-Lan-Liu—Zhu). In [22], we find the following improvements to [61]:

e Using toroidal compactifications, it is shown that Filjyg, dRII}%;a“(V) admits a canonical alge-

braization Filjyy, dR]f(Zw(V) over Shg g, compatible with tensor structures; see the discussion
on pp. 536-537 of op. cit.

28More precisely, filtrations on the canonical fiber functor Rep 1 (G) — Vectg.
29We follow Deligne’s convention from [21] that hy () acts on the (p, g)-part of the Hodge decomposition via z =Pz~ 4.
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e In Theorem 5.3.1 of op. cit. that the tensor functors
V = Filfg, dRZ,(V), V= Filfig, dRx (V) lshp, »

are canonically isomorphic. Here, we view both as functors from Repg(G©) to filtered vector
bundles over Shg g, with integrable connection.

6.3. Unramified tuples. From here on, we will fix a prime p.

Definition 6.3.1 (Unramified tuples). A p-unramified Shimura tuple or simply unramified tuple
(since p will remain fixed), is a tuple (G, G, X, K) where (G, X) is a Shimura datum, G is a reductive
model for G over Z,,, and K C G(Ay) is a compact open subgroup of the form K? K, where K,, = G(Z,).
Such a tuple is neat if K is neat.

Setup 6.3.2. Fix an unramified tuple (G,G, X, K). This yields a reductive model G, for G over
Zp). We will write G¢ ) for the induced reductive model for G° and G¢ for its base-change over Z,.
Concretely, G¢ ) is obtained by taking the quotient of G, by the Zariski closure of Z (@)ac-

Remark 6.3.3. If (G,G, X, K) is an unramified tuple, the compact open K° C G°(Ay) as in Con-

struction 6.1.7 will always be of the form K¢ = KjK? where K defo GZyp) C G°(Qp).

Definition 6.3.4 (Maps between unramified tuples). A map (G1,G1, X1, K1) — (Ga,Ga, Xo, Ks)
between unramified tuples is the data of a map of Q-groups f: G; — G2 and an element g € GQ(A’;)
with the following properties:

¢ fq, extends to a map of Z,-group schemes G — Go;

e f induces a map of Shimura data (G1, X1) — (G2, X2);

e We have gf(K¥)g™! C KJ.
Remark 6.3.5. Consider a map (G1,Gy, X1, K1) — (G2, Ga, X, K3) of unramified tuples, and write
E; C E; C C for the reflex fields of (G2, X2) and (G1, X1), respectively. There is a unique map of

Shimura varieties
Shg, — Shk, ®g, E1

whose evaluation on C-points is given by
[(@,h)]=[(f(@),f(h)g~ )]

G1(Q\X1 x G1(Af) /Ky G2(Q)\ X2 x G2(Ay)/Ka.
It now follows from Remark 6.1.9 that we have a canonical K{-equivariant map
Etr, — Etr,[sng, -
This requires the additional observation that the map of Shimura varieties factors as
Shic, = Shy1 1,y ® 5, B = Shi,, @, Ey

where the second map is the isomorphism of Shimura varieties whose evaluation on C-points is

x x, -1
Go(Q\X1 X Gi(Ag) /g~ Fog LRI G (@)\ X x oA )/ Ko
Moreover, we have a canonical isomorphism of K§ ~ g~!K§g-local systems
U;Et]Q l) Etg—leg
over Shy-1g,4-

Remark 6.3.6. Given an unramified tuple as above and a connected component X C X, write
G(p)(Z(p))+ C G(p)(Zyp) for the stabilizer of X . Then we obtain an isomorphism

~

Gip) (L)) \X T x G(AL)/K? =5 Shi(C).

This comes down to knowing the following:
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e G(Q) is dense in G(R), which is a consequence of real approximation; see [83, Theorem 7.7];
o G(Q)+K, = G(Qp), which is a consequence of weak approximation; see [49, Lemma (2.2.6)].

Remark 6.3.7 (Prime-to-p Hecke correspondences and connected components). There is an action of
G(A%) on the underlying cofiltered system of E-schemes {Shy,, Kk, }: Given g € G(A%), we obtain a
canonical isomorphism Sh ., K, = Sh 9K Pg-1K, induced over C by the endomorphism of X x G (A’;)
given by (z,h) + (x,hg™!). This gives an action of G(A’}) on the inverse limit Shg, of this system.
By [21, 2.1.3] and [49, Lemma (2.2.5)], the induced action on the connected components of Shy 3
factors through a simply transitive action of the quotient G(A%})/(Ng'.» G(p) (Z(p))+Kl’p), which is in
fact an abelian group.

6.4. Consequences of having a universal aperture.

Setup 6.4.1. Fix an unramified tuple (G, G, X, K), and a place v|p of the reflex field E. Set 0= Og,,
and let k be the residue field of O. If we view {u} as an E,-rational conjugacy class, then we in fact
have a representative fi,: G0 — G4 for {u}: The existence of a representative over E,, follows from
the quasi-splitness of Gg, [57, Lemma 1.1.3], while that over O now follows from [49, Proposition
1.1.4]. We will view u, as a cocharacter of gg. Recall from §4.1 the pro-algebraic stack BTg;""“’alg

over Ug (,) with generic fiber Locge(z,) and v-adic completion BTg;"“’”.

Definition 6.4.2. Suppose that we have a map of schemes U — Shg, and suppose that U is a flat
integral model for U over Op (,): By this, we mean that U is a flat separated algebraic space over
Og,(v) equipped with an identification U ®g¢,, ,, F = U. We will say that U is apertile if it is

alg

equipped with an extension U — BT‘;Z"“”’ of the classifying map U — Locge(z,) for Etx p|v.

Remark 6.4.3. By Theorem 4.1.5, such an extension is unique up to unique isomorphism if U is
np-normal. In particular, in this case, being apertile is a property of the integral model U.

Remark 6.4.4 (Type of Etg p). The existence of the aperture implies in particular that the restriction
of Etg , over dn is a crystalline G(Z,)-local system of type -, at every classical point. Conversely,
if we knew a priori that Etg , is crystalline at every classical point of L?n, then, by Remarks 6.2.4
and 6.2.5, we see that its type at any such point has to be -p,,.

Construction 6.4.5 (The integral de Rham realization). Consider the composition
(6.4.5.1) U — BT — Cr.,, /G5,

where the second map is as in Remark 3.4.3. This map classifies a filtered G-bundle over u , whose
restriction over U, is canonically isomorphic to the restriction of Filfy, dRk g: One checks this using
Remarks 6.2.5 and 3.8.4. This tells us that there exists a map

U Gry, /G5,

whose formal completion is (6.4.5.1) and whose generic fiber classifies Filfjy, dRk glv. Denote the
associated filtered G°-bundle over U by Filj;y, dR .

Remark 6.4.6 (The integral Kodaira-Spencer map). Suppose that U is smooth over O (). Then
the filtered G-bundle from the previous remark gives us a Kodaira—Spencer map

(6.4.6.1) Tuyop. ., — ARk (g)/ Fil’ dRk (g)

whose restriction over the generic fiber is described in Remark 6.2.3 and whose v-adic completion is
described in Remark 5.2.2.

Lemma 6.4.7 (A versality condition). The following are equivalent:
(1) The map U — BTY " is formally étale
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(2) U is smooth over Op, (,y and the map (6.4.6.1) is an isomorphism.
Proof. Immediate from Remark 5.2.2. O

Remark 6.4.8 (Integral models for automorphic sheaves). The map U — Gr_,, / ggEm is precisely
the one yielding integral models over U/ for automorphic sheaves. Namely, any Z,-representation V'
of P,;¢, where P ¢ is the parabolic subgroup of G¢ obtained as the image of P, , yields a canonical
G“-equivariant vector bundle over the homogeneous space Gr-,, ~ ”P;v’c\Q%Ev(v), and this pulls back
to a vector bundle on U.

Remark 6.4.9 (Filtered F-crystals). Using Construction 3.7.7, we see that every apertile integral
model U is equipped with a canonical exact and monoidal functor from Repz, (G) to strongly divisible
filtered F-crystals over U. For the integral canonical models of abelian type that we will encounter
below, this recovers a construction of Lovering as in [63].

6.5. Integral canonical models. For the rest of this section and the next, we will assume that the
level KP is neat. We will return to the general situation in §8.4 below.

Definition 6.5.1 (Integral canonical models). Suppose that E'/E is an extension in which p is still
unramified, and that v'|v is a place of E’. An integral model .k (/) for Shx @gE' over Opr () is
e acrystalline integral canonical model (crystalline ICM for short) if it is apertile, satisfies the
equivalent conditions of Lemma 6.4.7 (the Serre-Tate property), and if, for any mixed characteristic
(0,p) complete discrete valuation field F' over ﬁE;/ with perfect residue field, the subset

I, (OF) C (Shi ®pE,)(F)

is characterized by the conditions in Definition 1.1.4.

e a limpid integral canonical model (limpid ICM for short) if it is a crystalline ICM and Etg ¢
extends to a Kf-local system over Sk (. for all £ # p.

e an étale integral canonical model (étale ICM for short) if it is apertile, satisfies the equivalent
conditions of Lemma 6.4.7, and if for any mixed characteristic (0, p) discrete valuation field F' over
ﬁE’;,, the subset

K, (OF) C (Shx @pE,)(F)

is characterized by the conditions in Definition 1.3.1.

If the context is agnostic to the precise type of integral canonical model involved, we simply call
Jk (vry an ICM for Shy. If E = E’, then we will simply write . for the ICM. In all cases, we will
call the morphism w: Sk () — BTg:"“’”alg the syntomic realization. We sometimes conflate w
with the pullback along it of the universal object over Bng'“ng.

Remark 6.5.2 (Local model diagram for ICMs). The Serre-Tate property combined with the discus-
sion in Remark 3.4.3 shows that, if we set

> defn

T = IR K, 195, ) G
then we obtain a diagram

Sk
/ \
B e Gr-p,

where the left arrow is a G°torsor and the right arrow is formally smooth and G¢-equivariant with
relative cotangent complex a vector bundle of rank dim G°.

Remark 6.5.3 (Extension of ¢-adic local systems). The pointwise condition in the definition of an
étale ICM implies that, for all £ # p, Etx ¢ extends to a local system over /k (,,): One applies the
condition to the fraction field of a local ring at any codimension 1 point and then uses purity.
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Let us restate Theorem A in the following form, which is now immediate from Proposition 4.3.1.

Theorem 6.5.4 (Mapping property of ICMs). Let ) be an excellent, n-normal, separated algebraic
space over Op: () with generic fiber Y .

(1) If Lk vy is a crystalline ICM for Shg @pE’ over Oy (), then giving a map f:y— T, (")
1s equivalent to giving maps n: Y — BTg;"““’alg and f: Y — Shg @gE’ such that the generic
fiber Y — Locge(z,) of n lifts f along the map Shx — Locge(z,) classifying Etk ;.

(2) If Lk vy is an étale ICM, then giving a map f: Y — Sk () is equivalent to giving maps
n:Yy — BTg;’_“”’alg and f:Y — Shx QgE’ such that:

(a) the generic fiber Y — Locge(z,) of n lifts f the map Shx — Locge(z,) classifying Bty p;
(b) for all £ # p, one has that Btk ¢y extends to a K§-local system over Y.

In both cases, we have canonical isomorphisms of classifying maps w o f ~ 1.

Lemma 6.5.5 (Descent for coefficients). Suppose that E'/E is an extension in which p is still unram-
ified, and that v'|v is a place of E' such that Shx @ E' admits an ICM Sk (1) over Og: (). Then
Shx admits an ICM already over Op: ().

Proof. We can assume without loss of generality that E’/F is finite Galois.

It suffices to show that 5/’”;{)(,/), along with the classifying map ,5/’”;,(,,/) — BTg"“”, descends to
a formal algebraic space T over O g, Indeed, this would show (e.g., by the gluing results of [2])
the existence of an apertile integral model .#x over Op () satisfying the equivalent conditions of
Lemma 6.4.7, and the pointwise conditions would follow immediately from those for g (..

To show that %{’(v/) descends, it suffices to establish that the action of Gal(E!,/E,) < Gal(E'/E)
on Shg @pE’ extends to an action on .7k (,+y, which follows from Theorem 6.5.4 above. O

Remark 6.5.6. In what follows, we will exclusively focus on the case E = E’. By Lemma 6.5.5, there
is no loss of generality in doing so.

Corollary 6.5.7 (Uniqueness). An ICM Yk for Shi is unique up to unique isomorphism.

Corollary 6.5.8 (Functoriality). Suppose that we have a map of tuples as in Definition 6.3.4, and
Jori=1,2 ICMs Yk, for Shg, over Og, (). Then the map Shg, — Shy, ®g, E1 extends to a map
Iry = T ®5E2,(u2) ﬁEl’(Ul)'

Proof. The only thing to observe here is that, under the map of Shimura varieties, for every prime ¢,
the restriction of Etg, ¢ to Shg, is canonically obtained from Et, , via pushforward along the map
Ki , — K35, induced by

h»—)gghg[l

G5(Qo) & G5(Q) G5(Qo).
This was observed in Remark 6.3.5. O

Remark 6.5.9 (Central covers yield finite étale maps). In the context of Corollary 6.5.8, suppose that
G1 — G2 has central kernel. Then the map /x, — Sk, is finite étale. That it is étale is immediate
from the Serre-Tate property and Proposition 5.4.8. Now, our hypothesis on the kernel implies that
the map Shx, — Shg, is finite. Take 15”}(1 to be the normalization of ., in Shg,. We have an open
immersion .k, — ., which one checks is an isomorphism using the pointwise conditions for ICMs.

Corollary 6.5.10 (Prime-to-p Hecke correspondences). Suppose that K'? C K? is a compact open
subgroup and set K' = KpKl’p.
(1) If Shx admits a limpid (resp. étale) ICM Sk over Og ,, then the normalization of Sk in
Shg: is also a limpid (resp. étale) ICM Sk for Shg;
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2) If (1) holds, and g € G(AP) is such that gK Pg~' C KP, then the map i,: Shgr — Shg
f g
determined on complex points by

GQ\X x G(Ay)/K" LeM2lehs D cigp x « G(Af)/K,

extends to a finite étale map of ICMs Sk — Sk .

Proof. The first assertion follows from the fact that Etx , extends to a local system over ., for all
£ # p, and the second is immediate from Corollary 6.5.8 and Remark 6.5.9. . g

Remark 6.5.11 (Comparison with the definition of Milne-Moonen). In references such as [72], [73],
and [49], one finds a definition of integral canonical models that involves the inverse limit Shr,. An
integral model ., for Shx, has the extension property if, for any regular and formally smooth O (,)-
scheme S, any map S, — Shg, of E-schemes extends to a map S — Sk, . If Sk, is itself regular and
formally smooth, this property characterizes it as an integral canonical model in the sense of Milne.

Suppose that (G, G, X) admits étale ICMs over &g (,,). Then we can take the inverse limit over the
resulting inverse system {.7x} of finite étale maps to get a model .7k, for Shg,. We claim that
satisfies Milne’s extension property when p > 3.

First, we can assume that S = Spec R is affine. Now, for any mixed characteristic complete discrete
valuation field F' over E, with perfect residue field, and an x: Spec(F') — Shg , the projection of zx
to Shg lifts to an Op-point of Yk: Indeed, the existence of the lift x shows that, for all £ # p, the
local system Et g ,, is unramified (in fact, trivial). Therefore, the desired assertion follows from the
definition of an étale ICM.

Next, by Popescu desingularization [91, Tag 07GC], we can present R as a filtered colimit of smooth
O'p,(v)-algebras implying S is an inverse limit of smooth affine O (,)-schemes S;. Given S, — Shg,
the projection onto Shg for any finite level K factors through .S; ,, for some i. The previous paragraph
shows that the restriction of Etg , over S, , is pointwise crystalline, and so Proposition 7.8.2 below
now tells us that we have an extension S; — .k, and this implies our claim.

Remark 6.5.12 (Comparison with the definition of Bakker—Shankar-Tsimerman). Combining Re-
mark 6.5.11 with the discussion in [4, §1.3] tells us that when p > 3, étale ICMs also satisfy the
canonicity property of Bakker—Shankar—Tsimerman.

7. INTEGRAL CANONICAL MODELS: CONSTRUCTIONS AND FURTHER PROPERTIES

We will maintain the notation from above. In this section, we will prove our main theorems on the
existence of ICMs, as well as prove a few deeper properties of such models. All levels K C G(Ay) will
be assume to be neat.

7.1. CM points and canonical models for tori.

Construction 7.1.1 (CM Shimura varieties). Let T be a Q-torus with a map hp: S — Tk and let
pr € X.(T) be the Shimura cocharacter associated with hr. Let Er C Q be the field of definition
of pp. Then, for any neat compact open subgroup Kr C T(Ay), the tuple (T,{h}, Kr) yields a
zero-dimensional Shimura variety Shy,. over Ep with

Shy, (C) = T(Q\T(A)/E.

Fix a place w|p of Er, and let .7k, be the normalization of Spec g, () in Shg,. We will assume
that Kr is of the form Kr, K7, where Kr, C T(Q,) and KJ. C T(A}) are compact open subgroups.

Remark 7.1.2 (Galois structure of CM Shimura variety). As explained in [21] (see also the discussion
in [53, §1.5.3]), the theory of canonical models is controlled by that for CM Shimura varieties. Consider

the reflex norm
Respp/q pr Mg /Q

N
Tur ' Respr @ G ————— Resp T —— T.
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This induces a map

Tup (A)
Ef\Af, ——— T(Q\T(A) = T(Q\T(A)/Kr
factoring via the global reciprocity map (with the geometric normalization) through a homomorphism

i (pr): Gal(E3/Er) — T(Q\T(As)/Kr

giving the target the structure of a Gal(E4P/Er)-equivariant finite set. The Shimura variety Shy,. is
now canonically isomorphic to the étale scheme over Ep associated with this datum.

Remark 7.1.3 (Unramifiedness criterion). Suppose that w|p is a p-adic place of E. The description
above, combined with local reciprocity, shows that the normalization of Ok, ., in Shi, @, Er . is
finite étale over O, ., precisely when we have

Tur (O ) C T(@QKr NT(Qp) C T(Af).
Thus, if K NT(Q,) is the maximal compact open subgroup of T(Q,), then this is always the case.

Remark 7.1.4 (Etale realizations for tori). Suppose that we have a finite extension F/Eq ,, within
@p with maximal abelian extension F2P C @p, and a point z € Shg,. (F). Then, for each prime ¢,
we can describe the local systems Et k.. ¢|,, over Spec F' explicitly following the discussion in [16, §4.1]
(see also [53, §4.3.13]). Taking the inverse limit of the maps 7x (ur) over K yields a map

Gal(E7”/Er) — T(Q)"\T(Ay).
The restriction of this map to Gal(Q,/F) factors through T(Q)~\T(Q)~ K7, and so gives a map
(7.1.4.1) Gal(F**/F) = T(Q)"\T(Q)” Kr — T*(Q\T*(Q) K7 ~ K,

where the last isomorphism uses the neatness of K (and hence of K§.). Projecting onto the ¢-adic
component now gives us the K7, ,-valued Galois representation corresponding to Et Kotz

Remark 7.1.5 (Crystallinity at p). The description in Remark 7.1.4, combined with [53, Proposition
4.3.14] and [16, Lemma 4.3], shows that Etg,. , is crystalline of type -pur.

Remark 7.1.6 (Unramifiedness at £ # p). For £ # p, the description from Remark 7.1.4 shows that
the local system Etg. ¢ is unramified. Indeed, it is enough to know that the image of the composition

(7.1.4.1)
—_—

O} — F* = Gal(F*/F) K&

has trivial projection onto K7:* (the middle arrow is the local reciprocity map for F'). This is now clear,
as the description in terms of the reflex norm shows that this composition lifts to a map 07 — Kf .

Integral canonical models always exist for CM Shimura varieties:

Proposition 7.1.7 (ICMs for tori). Suppose that Tg, extends to a torus T over Z, such that K, =
T(Zp). Then Sk, is both a crystalline and an étale ICM for Shy,..

Proof. In this case, Ep is unramified at p by Remark 7.1.3, and one finds using Remark 7.1.3 that
Sk, is a finite étale scheme over O, (). Moreover, the stacks BTZ’_“T are étale over O, ,, and are
in fact non-canonically isomorphic to the &g, -stack Locrz/pnzy of T(Z/p"Z)-local systems; see [28,

Proposition 10.4.1]. Therefore, any map 5/”;(%“) — BTZ;’_“T will be formally étale. Proposition 5.1.3
now reduces us to checking that, for every finite extension L/Er ., and every x € .k (0,), the following

statements hold:
(1) Etk, p|. belongs to Loc%fz'z:)w (L);
(2) For ¢ # p, Etg, 4|, is unramified.

These follow from Remarks 7.1.5 and 7.1.6. O
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Construction 7.1.8. Suppose that we have an unramified tuple (G,G, X, K) and an ICM “k for
Shg over O (. for a place v|p. As a special case of Construction 7.1.1, suppose that we have a torus
T over Q and a closed immersion i: T'— G over Q such that, for some x € X, the map h,: S — Ggr
factors through ig via a map hp: S — Tg. Given g € G(A’;), set K7, =i '(gKg~') C T(Ay). Then,
for any place w|p of Er above v, we obtain an integral model SKor . (w) for Shi, over Op, () as the
normalization of Spec O () in Shg,. .

Lemma 7.1.9 (Extension of CM points). The map ShKTyg — Shi g Er of canonical models given
on C-points by
tl—[(z7,i(t)g]

[
T(Q\T(Af)/Kr,g GQ\X x G(Af)/K
extends canonically to a map of integral models Sy, , (w) = FK R0, v OEr (w)-

Proof. To alleviate notation, set K7 = Kr 4. Given Theorem 6.5.4, it is enough to know the following:
(1) The restriction of Etg ) over Shg,. lifts to a map
yKT,(w) — BTg:’_#v’alg.
(2) For all ¢ # p, the restriction of Etk ; over Shg,. extends to a local system over ...

Since Sk 7, (w) is a product of spectra of localizations of rings of integers of number fields, we reduce
to knowing (by Lemma 5.1.11 in the p-adic case) that, for every complete local ring O of KT (w)>
the restriction of Etx (resp. Etg ¢) over G[1/] lifts to BT "#+(£) (resp. extends to a local system
over 0).

By Proposition 5.1.3, the p-adic condition is equivalent to checking that the restriction of Etg ,

over O[1/p] is crystalline of type -fu,,, which is immediate from Remark 7.1.5 and Remark 6.3.5. The
unramifiedness of the f-adic realizations is similarly immediate from Remark 7.1.6. g

7.2. Reduction of structure group.

Convention 7.2.1. For the rest of the section, unless otherwise specified, ‘ICM’ will mean either
‘limpid ICM’ or ‘étale ICM’.

We can now prove Theorem D, whose statement we now recall:

Theorem 7.2.2 (Reduction of structure group). Let (G, G, X, K) — (G¥,G*, Xt K*) be a map of neat
unramified tuples such that G — G* is a closed immersion. Let E* be the reflex field for (G*, X*), and
let v|p be a place for E lying above a place v* for E*. Suppose that Shys admits an ICM Sy over

Ogt (vty- Then the normalization of O () ®F 1 (ot Skt in Shy gives an ICM for Shy over Og ().

Proof. Note that, by Lemma 6.1.8, the map G¢ — G*€ is also a closed immersion, and therefore so is
the map G¢ — ghe,
Suppose first that Shx — Shgt is a closed immersion. We then have the following diagram

Shic —— Locg(z,) = BTL ™ 5 [1/s]

J |

? c _
S 3 N BTf,JO’ M ,alg

J |

b
Syt N BTZO’ Hosalg

The bottom left vertical arrow is the normalization of a closed immersion by construction, and the
bottom horizontal arrow is formally étale. Therefore, to fill in the middle dotted arrow and also
know that it is formally étale, we can appeal to Proposition 5.3.9, whose hypotheses are verified by



56 KEERTHI MADAPUSI AND ALEX YOUCIS

Remark 6.4.4. For ¢ # p, the Kg’c—local system Etgy , extends over .k by hypothesis, and this
immediately implies that the Kj-local system Etg , extends over .#.

To finish, we need to know that .#) satisfies the pointwise conditions for ICMs: This just amounts
to the observation that by construction the equality

Ik (Or) = Shg(F)N Sk (Or) C Shy: (F)

holds for any discrete valuation field F' over E.

Now, on to the general case: By [49, Lemma (2.1.2)], we can find a compact open subgroup K;* hp
K*P such that, with K} = Kﬁ’pKﬁ we have K = Ki n G(A%) and the map Shx — Sh ks a closed
immersion. By what we have seen above, it is enough to know that Sh Kt admits an ICM whenever
Shgt does so, and this is (1) of Corollary 6.5.10. O

7.3. Spaces of quasi-isogenies. In this subsection, we will study how Hecke correspondences can be
used to define spaces of quasi-isogenies between points on an ICM “. For simplicity, we will assume
throughout this subsection that G = G°.

Remark 7.3.1. As noted in Construction 6.1.7, we have a canonical pro-Galois cover Sh — Shg with
Galois group K C G(Ay),* obtained as the inverse limit of the Shimura varieties Shx with K’ < K
of finite index. Now, G(Ay) acts on this inverse system in the usual way (see Remark 6.3.7 for the
description of the action of G(A";) on the prime-to-p Hecke tower), and this lifts to an action of G(A)
on Sh as an E-scheme that extends the action of K on it as an Shx-scheme.

Similarly, if “x, — /K is the inverse limit of the prime-to-p Hecke tower of ICMs .k with
K' 9K of the form K ?K, (see Corollary 6.5.10), then we obtain an action of G(A%) on Fk, as an
O'p,(v)-algebraic space, extending the action of K? on it as an #k-algebraic space.

Definition 7.3.2 (Quasi-isogenies in characteristic 0). For an E-algebra R and x,y € Sh(R), a quasi-
isogeny from z to y is an element g € G(Ay) with z- g = y. We set QIsog(z,y) to be the set of such
quasi-isogenies, and shorten this to Aut®(z) when z = y, in which case it is a subgroup of G(Ay).

Definition 7.3.3 (Prime-to-p quasi-isogenies in general). If R is an O (,)-algebra and z,y € Sk, (R),
then a prime-to-p quasi-isogeny from z to y is an element g € G(A?) with - g = y. We set
QIsog(p) (z,y) to be the set of such quasi-isogenies, and shorten this to Aut® (z) when x = y, in which
case it is a subgroup of G(A%).

Remark 7.3.4 (Descent to finite level). Suppose now that K C G(Ay) is a compact open of the

31

form K,K?. Viewing QIsog(p) as an algebraic space” over Sk, X Sk, we see that it is canonically

KP-equivariant, and so descends to an algebraic space leog(;;) over .Sk X Lk . Similarly, Qlsog also

descends to a scheme QIsogy over Shx x Shi. For z € Sk (R) (resp. x € Shg(R)), we will write
Aut(lg) (x) (resp. Autj (z)) for QIsog(p)( x) (resp. Qlsogy (z,x)).

Remark 7.3.5 (Algebraic groups obtained from étale realizations). Suppose that k is a field over
Op,(v), and that we have x € #k (k). We can associate with this an algebraic group I, , over Q; when
¢ is invertible in k. For this, we note that we can use the K,-local system Et g |, to obtain a Q,-linear
exact tensor functor Repg, (G) — Locg, (), where the target is the category of Q-local systems over
Spec k. We now take I, , to be the affine algebraic group of automorphisms of this functor. Concretely,
this can be realized as follows:

It is easiest to do so after Choose a faithful representation V for G and tensors {s,} C V® whose
pointwise stabilizer is G and let Etg ¢(V)|, be the associated Qg-local system over x equipped with

30This is where we use the assumption G = G°€.
3lpor g € G(AI;), the open and closed subspace of QIsog(p> consisting of quasi-isogenies lying in KPgKP is the
pullback over J’KP X ,Y’KP of the Hecke correspondence megKgfl — Kk X K.
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global sections {sq.,}. Fixing a separable closure % of x with Galois group I'y defn Gal(%/k), this
local system corresponds to a continuous I',-representation on a Qg-vector space V., equipped with
invariant tensors {Sq.5}. The pointwise stabilizer G, C GL(V,,) of these tensors is a reductive
group, equipped with a G(Qy)-conjugacy class of isomorphisms with Gg,. We now find that I, , can
be identified with the commutant of p(T'y) in Gy .

An obvious variant of the construction also gives an algebraic group I, APg OVer A’}, whose base-
change over Qy is I, , for each ¢ # p.

Remark 7.3.6 (Algebraic groups associated with F-isocrystals with G-structure). Suppose that &
is a perfect field over k(v) and that we have x € .#k (k). Let Q, be the pullback of the syntomic
realization to x. By Construction 3.3.2, we can associate an F-isocrystal with G-structure over x,
which can be viewed as an exact Q,-linear tensor functor

Repg, (G) — Isoc,

of Qp-linear Tannakian categories. Here, the target is the category of F-isocrystals over x: Pairs
(M, F), where M is a finite-dimensional W (x)[/p]-vector space and F': ¢* M — M is an isomorphism
where o is the absolute Frobenius on x. We define I, , as the group of automorphisms of this functor.

This can be described more concretely when the associated object in Isocq(k) = [LG /g, LG](k)
lifts to 6, € G(W (k)[Y/p]). In this case, for any Q,-algebra R, we have a canonical identification

Ip2(R) ={g € G(W(k) ®z, R) : g '620(g) = 6.}

Remark 7.3.7 (Group schemes over Z,). Suppose that z € Sk (k) is valued in a perfect field k over
O, (v)- Then the group I, , admits a canonical Z,-model Iz, ..

If x has characteristic 0, this is obtained via the same method used for I, , itself: One instead uses
the exact tensor functor Repy, (G) — Locz, (k) associated with Et ..

If x has characteristic p, then we employ the exact tensor functor Rep, (G) — Vect(x*™") associated
with the syntomic realization £, to the same effect.

Lemma 7.3.8 (The specialization map for group schemes). Suppose that F is a complete discrete
valuation field over E, with perfect residue field k and that we have x € Sk (Or) with special fiber
xo € Sk (k) and generic fiber x,, € Shi (F). Then:

(1) For £+ p, there is a canonical specialization isomorphism Iy ., = Iowys

(2) There is a canonical specialization homomorphism of group schemes Iz, v, — Iz, z,-

Proof. The ¢ # p case is immediate from the definitions and specialization for the étale fundamental
group.

For the Z,-group schemes, we note that the tensor functor associated with Etx ,|., takes values
in the full, exact subcategory of Locz, (F') spanned by the objects in the image of Vect(€3™") (Theo-
rem 2.3.6), Therefore, Iz, ,, can also be viewed as the group scheme of automorphisms of a functor
from Repy (G) to Vect(O3™), and the specialization map is now obtained from the natural restriction
functor Vect(03") — Vect(k™™). O

Remark 7.3.9 (Realizations of quasi-isogenies). Suppose that we have x € Sk (k) with « a field. If
k is in characteristic p, there are canonical realization maps

Aut)(2) = Lr o (A7) = Aut(Bty uple) 5 Aut? (0) = Iz, o(Z,) = Aut(,).

The first of these is obtained via Galois descent from the obvious inclusion Aut® (z) ¢ G (A%), for any
T € Yk, (R) lifting 2. The second is obtained from the fact that the syntomic realization is invariant for
the prime-to-p Hecke action. If k is a field extension of E, then we similarly have an étale realization
map

Autie(z) = L o(A)) X I, 2(Qy).
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Lemma 7.3.10 (Algebraic groups obtained from quasi-isogenies). Suppose that k is a characteristic
0 field and that we have x € Shi (k). Then there is a canonical reductive algebraic group I, over Q
with the following properties:

(1) Iy is compact mod center;

(2) we have I,(Q) = Auty (x);

(8) for every prime ¢, there is a canonical realization map of algebraic groups I, ® Q¢ — I,
compatible with the realization map Auty (x) — Iy (Qp).

Moreover, if k'/k is a field extension, and ' € Sk (k') is the image of x, then, for any choice of ¢,

] . ) 1
I, C I, is the largest algebraic subgroup mapping to Ip, C Ipzr. [1] Alex: Give proof

We now arrive at some natural conjectures.

Conjecture 7.3.11 (Tate conjecture in characteristic 0). If F' is a finitely generated field over E,
then for x € Shi (F), and for all primes ¢, the realization map I, ® Qp — Iy, is an isomorphism.

Conjecture 7.3.12 (Tate conjecture in characteristic p). Suppose that k is a perfect field over k(v)
and that x € Sk (k). Then:

(1) There exists a reductive group I, over Q equipped with realization maps oy: I, ®g Qv — I,
for all £ such that

efn
L(Zgy) L L(Q) N Iz, »(Z,) = Aut@ (z),
and such that, for all £, the map I, (Z)) — Ir..(Qy) is the realization map from Remark 7.3.9.
(2) If K is finite, then, for all ¢, the realization map I ® Q¢ — Iy, is an isomorphism of reductive
groups over Q.

Remark 7.3.13. When (G, X) is of pre-abelian type, Conjecture 7.3.11 can be deduced from and
Faltings’s isogeny theorem, as in the Siegel-type case the notion of quasi-isogeny reduces to the clas-
sical notion for abelian varieties. Conjecture 7.3.12, on the other hand, can be deduced from Kisin’s
generalization of Tate’s theorem [50, Corollary (2.3.2)]. We will see in Theorem 7.4.9 that the latter
also holds for all ICMs when x is a p-ordinary point. This will be extended to a full proof (for finite
) of the conjecture in [60].

For later use, we record the following lemma.

Lemma 7.3.14 (Criterion for being a CM point). Let F be a field extension of E. Then the following
are equivalent for a point x € Shy (F):

(1) x is a CM point;
(2) For F'/F finite, viewing x as a point of Shi (F’), the groups I, and G have the same rank.

In fact, in this case, for every maximal torus T C I, there exists a tuple (T, hr,i,g) as in Construc-
tion 7.1.8 such that x is in the image of Shy, , — Shg.

Proof. We only prove the more non-trivial implication, (2) implies (1), as this will be used below. In
the process, we will actually prove the more precise assertion following the equivalence.

Choose an embedding F' < C and let z¢ € Shi (C) be the associated C-point. By lifting z¢ further
to X x G(A%}) (see Remark 6.3.6), we can identify I,. with the commutant in G of the associated
Hodge cocharacter h: S — Gg.

By replacing F' with a finite extension within C, we can ensure that the map I, — I, is an
isomorphism. Therefore, if T C I, is a maximal torus, this allows us to view Tk as a maximal torus in
GR, and in particular identifies it with its own commutant in Gg. This implies that h factors through
Tr, and hence shows that x¢ is a CM point of Shg, as desired. 0
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7.4. The global p-ordinary locus and canonical lifts. Here, we will find some results about the
p-ordinary loci in ICMs. We will fix a neat unramified tuple (G, G, X, K) with an ICM .#k over Og, (,).
Throughout, we assume that G = G¢ for simplicity.

Remark 7.4.1. Some of the results here are already known for Shimura data of abelian type by work
of Moonen [74] and Shankar—Zhou [89] (see also [54, §2.4]), and in the exceptional case by work of
Bakker—Shankar—Tsimerman [4].

Definition 7.4.2 (The global p-ordinary locus). Let .#x be an ICM for Shx over O (,). Then the
p~ordinary locus of .#k is the open subspace f}?d C .Yk, defined as in Notation 5.4.12.

Theorem 7.4.3 (Properties of the p-ordinary locus). The following statements hold:

(1) The p-ordinary locus is open and fiberwise dense in g j(v)-
(2) For any perfect field k in characteristic p and x € Yg%(v)(ﬁ), the deformation space Def, for
Sk at x admits a canonical structure of a tower

Def, = Upp — -+ — Upo = Spf W (k)

where each map in the tower is relatively represented by a formal p-divisible group;
(8) In particular, x admits a canonical lift " € S (W (k)) corresponding to the successive
composition of identity sections of the tower.

Proof. The first assertion is clear from the definition and the smoothness of the map 5/”; — BT?C"“ Y.
The next two assertions are immediate from the definition of an ICM and the results of §3.6. g

Remark 7.4.4 (The canonical lift and prime-to-p Hecke correspondences). Canonical lifts are pre-
served by prime-to-p Hecke correspondences. More precisely, if g € G(A?) and x € y[%id(n), then we

)Can

have x - g € y}%ﬁf(lﬁ% and 2" . g = (x - g)°®. To see this, note simply that the syntomic realization

on S, is G(A?)—invariant. In particular, this tells us that, for z,y € .24 (k), the canonical maps

(p)

(p) (,.can , can (p) l> IsogK (x,y)

Isog ), (xn s Y ) < Isogj (", y©*)

are all bijections.

Lemma 7.4.5. Forzx € ﬁﬁl‘?d(ﬂ), the specialization map Izp@%an — Iz,2 15 an isomorphism.
Proof. 2
O

Remark 7.4.6 (¢-adic Frobenius elements). Suppose that x is a finite extension of k(v) of order g,
and fix an algebraic closure K for it. Then for all £ # p, the action of the geometric Frobenius element
in Gal(F/k) on Etg |z yields an element vy, € Ip (Qy). If we choose an algebraic closure % of k and
a lift Z € Sk, (K) of =, then we obtain an inclusion I, C I;; ~ Gq,, which identifies I, , with the
commutant in Gg, of the image of ¢ ;.

Remark 7.4.7 (The p-adic Frobenius element). We also have an element 7, ., € I,.(Q,). For
simplicity, we will only consider the case where the F-isocrystal with G-structure obtained from £,
is represented by ¢, € G(W (k)[}/»]). In this case, I, , is now the algebraic group whose values on a
Q,-algebra R are given by

L+(R)={g€ GW(k)®z, R): g~ 6,0(g) = 0s}.

If ¢ = p", then we set v, = 6,0(8;) 0"~ 1(d;), which is seen to live in I, ,(Q,) C G(W (k)[V/p]),
and is in fact central there. Moreover, the natural map I, , ®q, W (k)[Y/p] — G ®q, W (x)[1/s] is an
isomorphism onto the commutant of v, . in the target.

[2] Alex: Finish proof

[3] Alex: Give proof
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Lemma 7.4.8 (The Frobenius quasi-isogeny). There is a canonical element ~y, € I_T%au (Q) carried, for
every £, to v, under the maps®

Ix%au (Q) — IZ,I%M) (@2) — IZ,x

Theorem 7.4.9 (Properties of the canonical lift). Suppose that x is a finite extension of k(v), and
that we have x € Y}?g(v)(,‘i), Let " € Sk (W (k)) be its canonical lift

(1) (Local Tate conjecture) For all primes ¢, the étale realization
(7.4.9.1) Iz;:]an ®Q Ql — I£7m%at\

is an isomorphism.
(2) (Canonical lifts are CM) The point x5 of Shy (W (k)[1/p]) is CM.

Proof. Fix a lift 2" € k(W (R)) of °*", and consider the maps

scan

g—x

G(A) S She, (W (R)[1p]) — Shuc (W () [1/5])

and
G(AD) 2200 7 (R) — Sk ().

By Remark 7.4.4, the first map is obtained from the second by taking canonical lifts and then going
to the generic fiber. By construction it is invariant under the left action of I, (Z,)) on G (AI}), and on
the right by KP. If we restrict to the subgroup I A?’I(A’}) of G(A%), then the image of the second map
actually lands in . (). In particular, this implies that the image of Iy zcan (Qr) in Sh (W (k)Y/p) is
finite. In turn, this shows that, for any ¢ # p, and any compact open Uy C Iy geom (Qy), the set

(7.4.9.2) Lycan (Q)\Lp,zean (Qe) /Ue

is finite.

Now, let v, € Iz%an (Q) be the Frobenius quasi-isogeny: Since Im%an is compact-mod-center over R,
the element ~, has to be semi-simple. Let ¢ be a prime such that the characteristic polynomial of -,
(with respect to some faithful representation of Iwg,an) and Ggq, are both split. Then as I, Cwcan 18 the
centralizer in Aut(Etg ¢|,) (which is non-canonically isomorphic to Gg,) of 7¢,. we see that I, taan
is a split reductive group over Q. Therefore, as in [49, Corollary (2.1.7)], we find from the finiteness
of (7.4.9.2) that, after replacing x with a finite extension, the map (7.4.9.1) is an isomorphism for this
choice of £. Thus, Iycan has the same rank as G, and so assertion (2) now follows from Lemma 7.3.14.

In fact, the proof of (2) shows that we can take T" to be any maximal torus of Jycan, and that 1" can
be identified (up to G(Q)-conjugacy) with a maximal torus of G. This further identifies v, € T(Q) C
G(Q) C G(AY) with {v¢,4}ep up to G(A%)-conjugacy. Therefore, the reductive groups I, ¢,0con are all
connected and their dimension is independent of ¢. This lets us conclude that (1) holds in general for
l#p.

4 O

Remark 7.4.10 (Torsion points). In the context of (2) in Theorem 7.4.3, there is a natural notion of
a torsion point of Def,, and the argument in Theorem 7.4.9 can be used to show that each of these
torsion points is also a CM lift of  when « is algebraic over k(v).

Remark 7.4.11 (Unramifiedness of the canonical lift as a CM point). In fact, in the context of
assertion (2) of Theorem 7.4.9, every place w|v of E7 is unramified, and ShKTyg ®ppEr . extends to
a finite étale scheme over Og, .,. By Remark 7.1.3, it is enough to know that the reflex norm r,,
satisfies 1, (O, ) C Kp.”

[4] Alex: Finish

[5] Alex: Finish
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7.5. Ascent for ICMs.

Setup 7.5.1. Suppose that (G,G,X,K) — (G,G,X,K) is a map of unramified tuples such that
G — @ is a surjective map of reductive group schemes with central kernel and where G = G . Let E
be the reflex field for (G, X), and let v|p be a place for E lying above a place v for E.

Remark 7.5.2 (CM points and central covers). Suppose that we have g € é(A?) and (7,4, hr) as in
Construction 7.1.8 with T C G the image of T. Then we can consider the fiber product

g

ShK XShf Sh?fg — Shﬁf .

Examining the situation on C-points, and using Remark 6.3.6, one finds that, if non-empty, this fiber
product is a disjoint union of CM Shimura varieties of the form Shy,, ,, where ¢': (T", hy/) = (G, X)

is a G(p)(Zy))+-conjugate of i.

Remark 7.5.3 (Unramifiedness of canonical lifts along central covers). Suppose that /% is an ICM
for Shz over 0 7, and we have z € Y%d(/f) with x an algebraic closure of k(7). Let 2°*" € /(W (k))
be the canonical lift. By (2) of Theorem 7.4.9, we can find (T, hz,g) with T C G a maximal torus
such that the associated map Sth — Shz contains the generic fiber z7™ in its image.

can

Suppose that z;*" is in the image of Shx. Let T' C G be the pre-image of T then there is a unique
lift hp: S — Tk of h that lies in X, and Remark 7.5.2 tells us that all pre-images of xfﬁ“ in Shx are in
the image of Shy, , for some G ;) (Z(y))+-conjugate (1", hy) of (T, hr). By Remark 7.4.11, the reflex
field Ep = E7 is unramified over . Moreover, for any place wlv of p, one can extend Shg, @ g, E7.4
to a finite étale scheme over O, . It suffices to show r,,(0f, ) C K, which follows because we
already know that the image in G(Q,) is contained in K,. Indeed, this implies that the image lies in
K,Z(G)(Q,) which has K, as its unique maximal compact open subgroup.

We can now prove Theorem E whose statement we now recall:

Theorem 7.5.4 (Ascent for ICMs). Suppose that p > 2 and that Shyz admits an ICM over ﬁfj.
Then Shx admits an ICM over O (,y and the natural map S — S5 is finite étale.

Proof. Let /% be the ICM for Shy over ﬁﬁ,@) and let .k the normalization of .4 D05 Op,(v) in
Shg. We claim that this is the desired ICM for Shy.

We begin by checking that #x — /% is finite étale and that it is an apertile integral model for
Shg. To do this, we apply the criteria from Proposition 5.4.14: the non-trivial ones to check are (5)
and (6). We need to check that, for all € /4 (x) with canonical lift 2",

S X e wean Spec W (k) — Spec W (k)

is a totally split finite étale cover, all of whose points are crystalline. For this, note that Remark 7.5.3
tells us that the pre-image of the canonical lift 27" in Shyx consists of CM points defined over an
extension of E in which p is unramified. Taking Remark 7.1.5 into account, this simultaneously
verifies both (5) and (6) from Proposition 5.4.14.

What we have seen so far already tells us that .#k is an apertile integral model satisfying the
Serre-Tate property. Moreover, if .74 is a limpid ICM (resp. étale ICM), for any complete mixed
characteristic discrete valuation field F' over E, with perfect residue field (resp. any mixed characterisitc
discrete valuation field I over O, (,), -k (OF) C Shi (F) contains all the potentially crystalline (resp.
potentially unramified for ¢ # p) points: this follows from the corresponding assertion for .7%.

It still remains to be checked that the local systems Etx , extend over .. But this follows by
simply replacing K with finite index subgroups K’ C K with K;, = K, and noting that our proof has
actually constructed ICMs .k for all such K’. 0



62 KEERTHI MADAPUSI AND ALEX YOUCIS

7.6. Abstract twisting and descent for ICMs. Here, we give a different approach to the twisting
construction of Kisin [49] that works around the lack of a moduli interpretation for general ICMs.

Remark 7.6.1 (Adjoint action). Let G*(Q); C G*4(Q) be the subgroup of elements preserving
the G(R)-conjugacy class X under conjugation. Given v € G*4(Q)4, for any K C G(Ay), with
K7 = int(y)(K), we have an isomorphism i : Shx — Shg~ given on C-points by

[(z,9)] = [(v - =,int(7)(g))]-

When these Shimura varieties admit ICMs over g (., then this map also extends. Our goal here is to
give a more concrete description of this extension under certain conditions. For convenience, we will
actually consider the isomorphism i, : Sh = Sh induced by taking the inverse limit over all levels K.

Remark 7.6.2 (Adjoint action on ICMs). If v € QE’”;) (Z(p))1, where
G (Z)1 = G5 (Zpy) N G*(Q)r © G*(Q),

then the action of 7y on Sh descends to an isomorphism ¢ : Shg, = Shp, where Shy, is the inverse
limit of the prime-to-p Hecke tower. Moreover, this action extends to one on Sk, : To see this, it
suffices, by Theorem 6.5.4, to observe that, for all K? C G(A’}), we have a commuting diagram

SthKp —_— LOCQC(ZP)
Ty Ly

Shi,int(y)(r) — Locge(z,)
where
ty: Locge(z,,) = Locge(z,)

is the automorphism induced by the adjoint action of ~.

Remark 7.6.3. For any = € .7k, (R), every element z € Z(G(p,))(Z(y)) satisfies x - z = 2: It is enough
to check this in the generic fiber, and here this follows by an explicit check on C-points. Therefore, for
every neat compact open subgroup K? C G(Afc), we obtain an action of the finite group

Z(G)(A)/(2(G) (L) - (KP N Z(G)(A})))

on YKpr. We will see below that the adjoint action from Remark 7.6.2 can be described in terms of
this central action after replacing the Shimura variety with one from a Weil restricted Shimura datum.

Notation 7.6.4. In this subsection, F' will always denote a totally real field in which p is unramified.
Write TR.unr for the set of such fields.

Definition 7.6.5 (Weil restriction). For an unramified Shimura datum (G, G, X), the Weil restric-
tion Resp/g(G, G, X) is the unramified Shimura datum with underlying reductive group Resp/q G,
reductive model Resg,gz,/z, ¢ and Hermitian symmetric domain

RespioX = [] X
T:: F—R
viewed as a homogeneous space under
(Resp/oG)R) = [[ G®).
70 F—=R
Remark 7.6.6. The reflex field of the Weil restricted Shimura datum Resp/q(G, X) is still £, and

we have a canonical closed immersion of unramified Shimura data

(7.6.6.1) (G,G,X) = Resp)q(G, G, X)
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Assumption 7.6.7 (The WR condition). We will say that (G,G, X) satisfies the WR condition
if for every F' in TRp_ynr, every neat unramified tuple with underlying unramified Shimura datum
Resp/q(G,G,X) admits an ICM over Op (). Moreover, we require that for any sufficiently small
compact open subgroup Kr C G(Ay ®qg F') that is part of such a tuple, the central action of

Z(G) (A} @ F)/(Z(GY)(Op,p) - (K} N Z(GY)(A} @ F)))
on the ICM %k, is free.?

Remark 7.6.8. By Lemma 7.6.9 below, the freeness condition for the WR condition is equivalent to:
If Kp, = G(Or ® Z,), then the action of Z(Gder)(A? ® F)/Z(GY)(OF, ) on Sk, is free.

Lemma 7.6.9. Let J be a cofiltered small category and {X;};cs a cofiltered inverse system of quasi-
compact, separated schemes with finite étale transition maps. Suppose that I is a profinite group acting
on {X;}jes with the action on each X; is via a finite quotient T'j. Then the following are equivalent:

(1) T acts freely on the inverse limit X = l<iLnj X;;
(2) there exists jo € J such that, for all j — jo, T'; acts freely on X;.

Proof. Clearly (2) implies (1). For the converse, for each j € J, set
Fi= |J Fix(o).
1#0€l;

This is a closed subscheme of X;. We claim that for j; — jo the map X; — X, restricts to a map
F;, — Fj,. The key thing to check is that, if o € I';, has a geometric fixed point on Fj,, then it maps
non-trivially to I'j,: Indeed, if o € ker(T';, — I';,), then it is a non-trivial automorphism of the finite
étale cover X;, — Xj,, and hence cannot have any geometric fixed points.

Now, we have an inverse system {Fj};cs of quasicompact schemes with finite transition maps, and
(1) tells us that their inverse limit is empty; see [91, Tag 01Z2]. The only way for this to be possible
is for the F} to be eventually empty, giving us the desired conclusion. O

Remark 7.6.10 (Preservation of WR under closed immersions). Suppose that we have a closed
immersion (G, G, X) < (G¥,G*, X*) as in Theorem 7.2.2. Then the induced map

RESF/Q(G, Q,X) d RESF/Q(Gﬁ, g”,Xﬁ)

is once again a closed immersion. In particular, by loc. cit., if (G¥, G#, X*) satisfies Assumption 7.6.7
and if G — G* is an isomorphism on derived subgroups, then (G, G, X) satisfies Assumption 7.6.7.

Remark 7.6.11 (Preservation of WR under products with CM data). Suppose that (7,7, {hr}) is a
CM unramified tuple. If (G, G, X) satisfies Assumption 7.6.7, then so does the product tuple

(GxT,GxT,X x{hr}).
The only non-trivial portion of this claim follows from Proposition 7.1.7.

Definition 7.6.12 (Modified Weil restriction). The following notion will is used in §7.7. The modified
Weil restriction Res’ /@(G ,G, X) is the unramified Shimura datum with underlying reductive group?

Resp/q G A por (Resp/g G — Resp/g Gab/Gab) ,

with reductive model

Reszﬁpeazp/zp) G = ker (Res(ﬁp(zgzp)/zp G — Resoraz,)/2, gab/gab) ,

32Note that the last condition holds trivially when G9* is simply connected.
BEG="Tisa torus, then the modified Weil restriction is just the original Shimura datum.
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and Hermitian symmetric domain Res’n /o X given by the orbit under (Res 10 G)(R) of the diagonal
embedding X — []_. n_,p X. The closed immersion (7.6.6.1) factors through a map

(G,G,X) — Res&;/Q(G,g,X).

Proposition 7.6.13. Suppose that G = G¢. Then the following are equivalent:

(1) The unramified Shimura datum (G, G, X) satisfies Assumption 7.6.7.

(2) For all F € TRpunr, all neat unramified tuples with underlying unramified Shimura datum
Resr (G, G, X) also admit ICMs over O (y), and, if K}, C (Resp,q G)(Zy), then the central
action of Z(Gder)(A? @ F)/Z(G*)(OF,)) on Sk, is [ree.

Proof. That (2)=-(1) follows from Theorem 7.2.2. For (1)=-(2), note that the map
Resp/qg G — (Resp/q G)° x Resp g G

is a closed immersion: Indeed, this comes down to the observation that Resr/q G9°" maps isomorphi-
cally onto the derived subgroup of (Resp,q G)¢, a consequence of our assumption G = G°. Therefore,
appealing to Proposition 7.1.7 and Theorem 7.2.2, we see that it is enough to prove that all neat
unramified tuples with underlying group (Resp/q G)¢ admit ICMs with the central action coming from
the derived subgroup free for sufficiently small level. This now follows from Lemma 7.6.14 below. [J

Lemma 7.6.14. Let (G1,G1,X1) — (G2,G2, X2) be a map of unramified Shimura data such that
G — GS°*, Gy — GS, and Gy — GS are isomorphisms, and such that both Shimura data admit the
same reflex field E. Suppose that all neat unramified tuples of the form (G1,G1, X1, K1) admit ICMs
over Og (). Then all neat unramified tuples of the form (G2, G2, X2, K2) also admit ICMs over O, ().
Moreover, Z(G‘fer)(A]Jﬁ)/Z(G‘fer)(Z(p)) acts freely on Sk, , if and only if it acts freely on S, .

Proof. To begin, let us make the following observation: If G is a reductive group with G = G°¢ and
K C G(Ay) is a neat compact open subgroup, then K N G(Q) is contained in G4°*(Q). Indeed, if
v: G — G is the natural map, the image of K N G(Q) in G**(Q) is contained in v(K) N G**(Q),
which is trivial, by the neatness of v(K) and the fact that G2 is a cuspidal torus. Therefore, if G is
part of a Shimura datum (G, X), and X+ C X is a connected component, then the image of X x {g}
in Shy (C) is isomorphic to I',\X*, where I' = gK g~ N G4 (Q).

Let f: G1 — G4 be the underlying map of groups. Suppose that we have an extension of the given
map to a map of neat unramified tuples

(G1,G1, X1, K1) = (G2,G2, X2, K»)

given by g € Gs (A’}) satisfying gf (K1)g~! C Ko. If K is such that K; NG{**(Q) maps isomorphically
to Ko NG9 (Q), then the observation from the first paragraph shows that the image of X;" x {1} in
Shg, (C) maps isomorphically onto the image of X f‘ x{g} in Shk,. In other words, given any connected
component Sh;rg,,cc C Shg, ¢, we can find a pair (K7, ¢), and a connected component Sh}l’c C Shg, ¢
mapping isomorphically onto Sh‘}}z)c.

Now, there is a finite p-unramified extension E’'/E such that Sh}*;hC is defined over E’, and, for
any place v'|v of E’, we obtain an integral model for it over O (/) as a connected component for
I Qop ) Ogr (vy- This in turn gives us an integral model for the corresponding connected component
of Shk, ® g E’. Repeating this for all geometrically connected components of Shg, and expanding E’ if
necessary, we obtain an integral model .7k, (/) for Shg, over &g (,y, which is an ICM: The existence
of the syntomic realization and the Serre-Tate property follow from Proposition 5.4.10, while the
pointwise conditions are easily checked using their validity for .“k,. The existence of the ICM Y,
now follows from Lemma 6.5.5.

The construction also clearly shows that the central action of the derived subgroup is free on .Yk,
if and only if it is so for S,. O
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Assumption 7.6.15. For the rest of this subsection, we will fix an unramified Shimura datum
(G, G, X) which we assume satisfies Assumption 7.6.7.

Remark 7.6.16. For any F' € TR, yur, write Shy for the inverse limit of Shimura varieties constructed
in Remark 7.3.1 from the datum Resp/q(G, X). We also obtain an inverse limit .%,.  of the prime-to-p
Hecke tower of ICMs for Resp,q(G, G, X) over O (). We now have canonical closed immersions

Sh;)ShF; pr(_)yKF,p

of algebraic spaces over Of, (). Somewhat suggestively, given an Op (,y-algebra R and = € Sh(R)
(resp. x € Sk, (R)), we will write 2 ® O for the associated point in Shr(R) (resp. Lk, ,(R)).

Remark 7.6.17. Suppose that v € Qa‘}) (Zpy)1 lifts to 5 € Gy (Op,py) for some F' € TRy un,. Then

:m—)zﬁ/_l

we obtain an isomorphism j5: Sk, Sk, Looking at C-points, we find that the diagram

~

Ik, — LKy,
by J5

pr _— yKF‘p
commutes. Therefore, y = i (z) if and only if y ® Op = (z ® OF) - 771

Lemma 7.6.18 (Freeness of the central action). The action of

Z(G) AN/ (Z2(G) (L)) - (K? 0 Z(G)(A7)))
on Sy kv is free for KP sufficiently small.
Proof. Set K = K,KP?. We have a map of unramified tuples (G,G, X, K) — (G, G#P xaP Kab)
where X = {h2P} consists of the abelianization of some (hence any) Deligne cocharacter h,, associated
with 2 € X, and K C G*(Ay) is the image of K*. Note that K** = K2PK*"? where we write

Kgb = G*®(Z,). We obtain a map of ICMs ¥, — v (the target exists because of Proposition 7.1.7).

The codomain is a torsor for Gab(A?)/(g?;’) (Zy)) - K*>P). Indeed, this follows from Remark 7.1.2 and

the density of G**(Q) in G**(Q,): Since G? is a torus splitting over an unramified extension of Q,,
this density is a consequence of [83, Proposition 7.8].
It is now enough to show that

ker (Z(G)(A?)/(Z(%))(Z(p)) (KP N Z(G)(A))) — G™(A)/ (98 (Zw) - Kabvp))

acts freely on Yk for KP sufficiently small, which follows from our assumption on the central action
arising from the derived subgroup. O

Notation 7.6.19. As in [49, (3.3.2)], set
_ d
AGw)) = GAD)/Z(Gp) ) (L)) ™ %G1y () /1 2(Gi) Zury) Gip) (L)) T

Here, the notation is Deligne’s from [21], and denotes the quotient

[G(A?)/Z(Q(m)(z(p))‘ Gl (Z<p>)+] /(Gw)(Zw)/Z(G)(Zr)))

where we view G(,)(Z)/Z(Gp))(Zp)) as a subgroup of the semi-direct product via the diagonal
embedding. Within this, we have the subgroup

AG1)° =G (L)) 112 Gp) (L) ™ %Gy (Z)) /2 (Gip)) Ziry) ga;i)(Z(P))Jr’

which can be identified with the completion of Q?S) (Z(p))+ with respect to the topology generated by

subgroups of the form K? N gg‘;;(z(p)) for K? C G(A%) sufficiently small; see [21, 2.1.15].
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Remark 7.6.20. The prime-to-p Hecke action of G(A%)/Z(G,))(Z(,))~ combined with the adjoint
action of Gy (Z,))+ explained in Remark 7.6.1 gives an action of A(G(p)) on .7k,. Explicitly, this is
the descent of the action given for a pair (h,7™") € G(A%}) x Q(apd) (Zp)) T by = iy(x - h).

Lemma 7.6.21. Set
A % o (A(g(p)) - A(g(a;))) .

Suppose that G = G°. Then, for [(h,y1)] € A, v can be lifted to G(OF,p)) for some F' € TRy unr-

Proof. The obstruction to lifting v to G yields a class o, € H'(Z), Z(Gp))). By assumption, v lifts
to G(Qy) for all £ # p. This shows that a., has trivial restriction to H*(Qy, Z(G)) for all £ # p. Now,
our assumptions imply that Z(G) = Z(G)° splits over a CM field N, which we can take to be Galois
and p-unramified. Let N C N be the maximal totally real subfield. Then, by the cyclicity of N /N
and Chebotarev density, we find that the restriction of .y, to H'(On, ), Z(G(p))) is in the image of a
class of, € H' (On p), Z(G(p))°)-

We claim that any such lift o/, has trivial restriction to H'(R, Z(G)°) for any embedding N — R.
For this, note that the assumption v € G(Z(;))1 tells us that, for any 2 € X, with stabilizer G, C Gg,
., has trivial restriction to H'(R, G;). The claim now follows from [50, Lemma (4.4.5)].

Let X — Spec Oy () be a Z(G(y))°-torsor with cohomology class a;. Let F be the maximal p-
unramified totally real extension of N. It is now enough to know that X' (& F7(p)) is non-empty. We
have shown that X ®g, - R is trivial for all 7: N — R, and, by Lang’s theorem, the base-change
X @0y ) ONw is also trivial for any place v[p of N. Therefore, the desired statement follows from [75,
Théoreme 1.3] applied with R = Oy, (,,) and X the set of archimedean places of N. O

Lemma 7.6.22. Suppose that G = G°. Then the group A acts freely on Si,. In fact, for all
sufficiently small KP C G(A?), the (finite) quotient of A acting faithfully on Sk, kv acts freely.

Proof. Suppose that we have [(h,7"')] € A and 2 € S, (R) such that - (h,y) = z. Let 5 €
Gy (Op,p)) be alift of v with F' € TR,.un,: this exists by Lemma 7.6.21.
By Remark 7.6.17, we find that we have
(2@ 0F) - k=(zx® OF) - z,

where » ‘<" hy~t e Z(G)(Afc ®q F) and k € KP. By Lemma 7.6.18 applied to Resp/q(G, G, X), we

have z € Z(G)(Op,())”. This means that zy = h is an element of
Z(G)(OF,p)” G (OF, ) N G(AT)
lifting . Since G = G¢, this intersection is contained in
(ReSoy ) /20 9) (L)) N G(A}) = G(Zp)) C (Resp/q G)°(AY).

To finish, by Lemma 7.6.9, it suffices to know that A acts on .k, x» via a finite quotient. This follows
from [50, Lemma E.6]. O

We now prove a stronger version of Theorem F:

Theorem 7.6.23 (Descent for ICMs). Suppose that the WR condition holds (i.e., Assumption 7.6.7)
and that Gy = G§. Then, for K3 sufficiently small, Shg, admits an ICM Sk, over Og, (,) and the
map Sk, = Ik, @6, ,(v2) Og, (vy) 18 finite étale.

Proof. The proof will be along the lines of Lemma 7.6.14, again making use of Proposition 5.4.10 and
Lemma 6.5.5. After choosing a geometrically connected component Sh}l, 5 C Shk, ®gE’, and a place
v'|p of E' above v, it suffices to check that the action of (KN G$*(Q))/(K1 N G$*(Q)) on Sh}l,E,
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extends to a free action on the corresponding connected component yf& (") of Sk, Rp, (o)) O (v
By Lemma 7.6.9, we are reduced to knowing that the the inverse limit

m  (KnGETQ/(KNGE @) = lim (KENGST, (Z)/(KPNGIS) (Z,)
FIKD)CKECG2(AD) F(KT)CKECG,(AR)

acts freely on .k, . This can be identified with the kernel of the map
AG1,»)° = AG1,)°,

and so the theorem now follows from Lemma 7.6.22. O

Remark 7.6.24. A closer analysis of the proof of Theorem 7.6.23 shows that we only need the
condition in Assumption 7.6.7 to hold for finitely many F € TRy ynr. This follows from the finiteness
of the group [11, Théoréme 7.1]

ker <H1(Z(p),Z(g(p))) — H Hl(@é;Z(G)))
L#£p

7.7. Shimura varieties of pre-abelian type.

Definition 7.7.1. A Shimura datum (G, X) is of Hodge type if G admits a faithful symplectic
representation H on which some (hence any) element of X induces a Hodge structure with weights
(=1,0),(0,—1). Tt is of abelian type if there exists a Shimura datum (G1, X;) of Hodge type and a
map G{ — G9* of derived groups inducing an isomorphism on the corresponding adjoint Shimura
data. It is of pre-abelian type if the adjoint Shimura datum (G??, X24) is of abelian type.

Remark 7.7.2 (Classification of pre-abelian Shimura data). By the classification of Shimura data by
Deligne [21, §1.3], a Shimura datum (G, X) is of pre-abelian type if and only if each simple factor of
the adjoint Shimura datum (G4, X34) is classical of type A4, B,C, D¥, D™,

Note that a simple adjoint Shimura datum has underlying group of the form Resp,g H where F

is a totally real field and H is an absolutely simple adjoint group over F. The meaning of type D

is that, for each embedding 7 : F — R, the group H, defn ®r,r R is the adjoint quotient of an

orthogonal group associated with a quadratic form of signature either (2n,2), (2n,n) or (2n + 2,0).
The meaning of type D is instead that H, is the adjoint quotient of O*(2n), the group of isometries
of a skew-Hermitian space over the ring of quaternions H. The Shimura datum is of abelian type if
the derived subgroup of every simple factor of G of type D¥ is a quotient of SO*(2n).

Example 7.7.3 (A non-abelian but pre-abelian Shimura datum). The basic example of a pre-abelian-
type (but not abelian-type) Shimura datum is obtained as follows. Take a totally real field Fy and a
quaternion algebra B over Fj such that for some distinguished archimedean place vy of Fjy we have
B,, ~ H, and B, ~ Matz(R) for archimedean places v # vy. We then take a left B-module V' of
rank n > 4 with a Hermitian pairing which is definitive at v # vy and signature (n,0) at vy. Set
H* to be PU(V,h) and G*! = Resp, o H*!. Define h: S — G2 to have trivial projection to each
archimedean place v # vy, be such that if W =V ®p, ,,, R then the projection to vy defines a Hodge
structure of weight {(—1,0), (0, —1)} where W(éfl’o) is the maximal isotropic subspace. This defines a
Shimura datum (G??, X24). Let H be the central cover of H*! determined by the property that Hc
is isomorphic to the GSpin cover of H3! ~ PSO(2n). Then X2d admits a lift X to G = Resp, /o H,
and (G, X) is of pre-abelian but not of abelian type.

Proposition 7.7.4 (Hodge type data satisfy WR). Suppose that (G, G, X) is of Hodge type. Then it
satisfies Assumption 7.6.7.

Proof. Suppose first that (G, X) is of Siegel type associated with a symplectic space V' such that Vg,
admits a self-dual lattice Vz, stabilized by G. We begin by verifying that (G, G, X) admits limpid and
étale ICMs over Z,) for any neat level K? C G(A%). The point is that Shx has an integral model
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Sk over Ly, given by a moduli space of polarized abelian varieties with additional level structure.
By Theorem 2.4.2, we have an F-gauge over .k associated with the p-divisible group of the universal
abelian scheme A — . We can actually view this as a (GLqg, f14)-aperture over .”x, where g is the
relative dimension of A. Now, if rank Vz, = 2g, Proposition 5.3.9 applies with

X =X = Fi; (G, 1) = (GSpays 1tg) 5 (GF, 1F) = (GLag, ptg)-

The pointwise condition is immediate from Remarks 1.3.4 and 6.4.4; that the map 5/”;{71, — BTSOL29’“-"
is formally unramified follows from classical Serre—Tate theory and Theorem 2.4.2 once again.

This tells us that .k satisfies the Serre-Tate property. The extension of the canonical ¢-adic local
systems over .k for ¢ # p is obtained from the ¢-adic Tate modules of A, and the pointwise conditions
for being limpid or étale ICMs is verified using Remark 1.3.4 again.

Now, suppose that (G, X) is of Hodge type. This means that it admits a closed immersion into
a Siegel Shimura datum. Using Zarhin’s trick, we can assume that the latter can be extended to an
unramified tuple (G*,G# X*#). Therefore, the already considered case of Siegel type, combined with
Theorem 7.2.2 tells us that, for any neat K? C G(A’}) and any place v|p of E, Shg admits a limpid
and étale ICM over O (..

Any point z € k() corresponds to a polarized abelian variety A, over k, equipped with an
isomorphism

< Jim A$[n]> ®Q = Al®qV
(p,n)=1
as well as an embedding
Z(GY)(Zpy) — Aut® (A,)

where Aut?)(A,) is the group of prime-to-p quasi-isogenies from A, to itself; see [48, Lemma 4.5.2].
Note that the étale realization of quasi-isogenies gives us an inclusion

Aut®(A,) € GH(AD)

Moreover, the intersection with Aut®(A,) of Z (GIr)(A%) inside G*(A%) is exactly Z(G)(Zy)).
This tells us that the action of Z(Gder)(A?)/nger)(Z(p)) on S, is free.

We are now in a position to verify Assumption 7.6.7 for (G,G, X). Indeed, in this case, G = G¢,
and, using Proposition 7.6.13, we can work with the modified Weil restrictions instead. Now, note that
Res'F/Q(G,Q,X ) is once again of Hodge type: It embeds into the Siegel Shimura datum associated
with [F : Q]-copies of V. Therefore, the proposition follows from the preceding discussion. O

Remark 7.7.5. The alert reader will note that polarized p-divisible groups do not make an appearance
in the above proof (and they do not in Kisin’s original argument in [49] either). One could shorten
the proof slightly by noting that the moduli stack of prime-to-p degree polarized abelian schemes of
dimension ¢ carries a canonical principally polarized p-divisible group of height 2¢, which can then be
reinterpreted as a (GSpy,, ptg)-aperture; see [28, §11.6]. However, this reinterpretation has not been
carried out fully satisfactorily (see footnote 43 of loc. cit.), and so we have preferred to avoid using it
in our argument above.

Theorem 7.7.6 (Canonical models of pre-abelian type). Suppose that one of the following holds:
(1) (G,G,X) is of abelian type;
(2) p>2and (G,G,X) is of pre-abelian type.

Then, for KP sufficiently small, (G,G, X, K) admits a limpid and étale ICM over O (..

Proof. Theorem 7.6.23 combined with Proposition 7.7.4 shows that (G, G, X) admits limpid and étale
ICMs for sufficiently small K? whenever we can find a surjective map (G',G’, X’) — (G, G, X) where
the source is of Hodge type. In particular, we find that the theorem holds whenever (G, G, X) is of
adjoint abelian type. If p > 2, we can conclude the proof using Theorem 7.5.4.
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If p=2and (G, X) is of abelian type, then, by a construction of Lovering [64, §4.6], we can find a
map of Shimura data (G, G, X) — (G,G, X) where G — G is a central cover, and a closed immersion

(G.6,X) = (¢".¢". X",
where the target is a product of an unramified Shimura datum of Hodge type with one of CM type,

and is such that G4 = (G’)d". Now, Remarks 7.6.10 and 7.6.11 tell us that (G,G,X) satisfies
Assumption 7.6.7, and so we conclude using Theorem 7.6.23 again. g

Remark 7.7.7 (Schematic nature of pre-abelian type ICMs). The ICMs .k for pre-abelian type
Shimura data are actually quasi-projective schemes over Op ,y. When (G, X) is Siegel type, this
is [76, VII. Théoreme 4.2], and this implies the statement successively for ICMs of Hodge type, of
adjoint abelian type (by descent of quasi-projectivity along quotients by finite groups), and finally for
all ICMs of pre-abelian type (by ascent of quasi-projectivity along finite maps).

7.8. Mapping properties for smooth inputs. In this subsection, we will give more concrete map-
ping properties for ICMs in terms of pointwise criteria.

Definition 7.8.1 (Pointwise conditions). Suppose that we have an algebraic space & over Op (.
equipped with a map f : &, — Shg. Let F//E, be a finite extension and let € X(Or). Then, we
say that f is crystalline at x if Etg ,|, is crystalline. We say that f is pointwise crystalline if
it is crystalline at all such x. It is pointwise unramified if, for all such z, we instead require that
Etg ¢|, is unramified for all £ # p.

Proposition 7.8.2 (A pointwise mapping property for smooth inputs). Suppose that one of the
following conditions holds:
(a) p>3;
(b) p>2 and (G, X) is of pre-abelian type.
Suppose that X is a smooth O (,y-scheme with generic fiber X, equipped with a map f: X — Shg.
(1) If Sk is a crystalline ICM for Shy over O (,y, f extends to a map X — Lk if and only if
f is pointwise crystalline.
(2) If Sk is an étale ICM, then f extends to a map X — Sk if and only if [ is both pointwise
crystalline and pointwise unramified.

Proof. Suppose first that p > 3. Given Theorem 6.5.4, it is enough to know that Ety p|x lifts to a
(G, -py )-aperture over X'. But this is immediate from Theorem 5.1.4 and Remark 6.4.4.

Next, suppose that (G, X) is of Hodge type and that p > 2. Then the same argument applies
after taking Remark 5.1.15 into account. The pre-abelian case can be deduced from this via standard
arguments that we leave to the reader. O

Corollary 7.8.3 (Néronian property for proper models). The following statements are equivalent for
an integral model Sk for Shy:

(1) The integral model Sy is proper over Og () and is a limpid ICM for Shy.

(2) The integral model ¥ is proper over Og () and is an étale ICM for Shy.
In this case, and with the conditions from Proposition 7.8.2, i is a Neron model for Shi: In the
notation of that proposition, every map X — Shg extends to a map X — k.

Proof. Everything follows from the fact, for any discrete valuation field F' over Op (,), we have the
equality .7k (Or) = Shi (F) by the valuative criterion for properness. O

Remark 7.8.4 (Proper models of pre-abelian type). A necessary condition for properness of .k is
that G2 be anisotropic, since this is known to be equivalent to the generic fiber Shx being proper.
With this condition in hand, it follows from [69, Theorem 1] that, when (G, X) is of pre-abelian type,
and p > 2, the ICMs from Theorem 7.7.6 are proper and so are Neron models of their generic fibers.
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Remark 7.8.5 (Sufficient to check crystallinity at one point). Suppose one knew that Etg , is a
pointwise semistable local system on Shy: In the abelian type case, this follows from the structure of
the boundary of the integral model of a toroidal compactification; see [102, Theorem 4.39] and earlier
results in [69]. We expect that this is true in general as well.

Under such a pointwise semistability condition, results of Guo—Yang [37, Theorem 1.1] and Diao—
Yao [23, Theorem 1.1] allow us to considerably weaken the hypotheses of Proposition 7.8.2 as they
pertain to crystalline ICMs. Namely, in this case, statement (1) from this proposition can be upgraded
to only require f to be crystalline at « for some x € X () in every connected component of X'.

Remark 7.8.6. Suppose that p > 2 and (G, G, X, K) is an unramified Shimura tuple of pre-abelian
type. We do not know yet if Etg , is semistable over Shx. However, since it suffices to know that the
composition X — Shx — Shpaa extends to a map X — Fxaa, the strengthened mapping property
from Remark 7.8.5 still holds for .#k itself.

7.9. Canonicity of the models of Bakker—Shankar—Tsimerman. Here, we will find a proof of
Theorem G. We can assume that the rank of G is at least 2, since otherwise the Shimura datum is of
pre-abelian type and so is already addresed by Theorem 7.7.6. By Remark 1.2.8, we can also assume
that G is adjoint (and so, in particular, G = G°).

Proof of Theorem G. We will take a prime p > 3 large enough such that the following holds:

(1) (Log smooth compactification) The variety Shx admits a smooth model .7k over O () with
a log smooth compactification.

(2) (Versal Kodaira-Spencer map) The filtered G-bundle with integrable connection Filfjy, dR g
extends to a filtered G, -bundle with integrable connection on #, which we denote by the
same symbol. We can also assume that this satisfies Griffiths’ transversality and that the
associated Kodaira—Spencer map

Tyx/ﬁE,(w) — dRg (g)/ Fﬂ(l){dg dR g (g)

is an isomorphism.

(3) (Existence of f-adic local systems) That, for all £ # p, the local system Etg , extends to a
local system on %, which again we denote by the same symbol. That this is possible follows
from work of Klevdal-Patrikis [55, Theorem 1.3].

(4) (Pointwise crystallinity) For some choice of faithful representation A of G, the filtered de Rham
realization Filfy, dR g (A) lifts to a Fontaine-Laffaille module (up to suitable twist) over ..

This implies in particular that Etg , is crystalline at every classical point of %gn. That this
is possible follows from [80, Theorem 7.1].

At this point, we are almost there. Theorem 5.1.4, combined with Remark 6.4.4 and Lemma 6.4.7,
tells us that we have an extension ., — BTY #v218 which is p-adically formally étale.

Let us now check that .k satisfies the pointwise condition for being an étale ICM. That is, we
must know that, if x € Shg(F) is such that Etg ¢|, is potentially unramified for all £ # p, then
x € Sk (OF). This follows from the argument in [80, Lemma 8.4].

Finally, suppose that G is anisotropic. In this case, Shy is a proper variety over E, and, since .%x
admits a log smooth compactification, it follows that .7} is also proper over Op, (,). We now conclude
using Corollary 7.8.3. 0

Remark 7.9.1. Since we only require the above conditions for adjoint Shimura data, and also do not
require any ampleness conditions, but only the versality of the Kodaira—Spencer map, the lower bound
on p we arrive at here is logically smaller than that in [4].
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8. APPLICATIONS AND SOME COMPLEMENTS

In this section, we collect some immediate applications and extensions of our theory of ICMs. In
addition to discussing cohomological applications and integral models at (some) parahoric levels, we
prove Theorems H, J, and I from the introduction. We freely use notation and terminology from §6-7.

8.1. Surjectivity. The following result of Vasiu [94, Main Theorem A], will be used in the proof of
Theorem H, which is the aim of this subsection.

Theorem 8.1.1 (Vasiu). Let the notation be as in Setup 3.1.1. Then there exists m(G,p) > 1 such
that, for any algebraically closed field k over O, and any n = m(G, ), the map of groupoids

BTY (k) — BT (k)
induces a bijection on isomorphism classes.

Proof. This is just a reformulation of the cited result of Vasiu, using the quotient descriptions of
BTY"(r) and BT (k) given to us by Remarks 3.2.21 and 3.2.20. O

Remark 8.1.2. An equicharacteristic version of Theorem 8.1.1 is given by [99, Theorem 6.31]. The
argument in loc. cit. can be combined with work of Zhu on the Witt vector affine Grassmannian [104]
to give an alternate proof of Theorem 8.1.1.

Definition 8.1.3. We will say that an unramified Shimura tuple (G, G, X, K) admitting an ICM
(limpid or étale) .#x over O (. satisfies the de Jong extension property (at v) if the following
condition holds: Suppose that C is a smooth curve over an algebraically closed field k over k(v) with
smooth compactification C. Then a map C — .k extends to C — .k if and only if the composition
with ., — BT ™" extends to a map h: C — BT 7Hv,

Remark 8.1.4 (Functoriality properties of the de Jong extension property). Suppose that we have
a map of unramified tuples (G1,G1, X1, K1) — (G2, G2, X2, K3) such that both admit ICMs .k, and
Tk, over Op, () and O, (), respectively, with vi|ve both lying over p. If G; — Gs is a central
cover or if G; — G4 is a closed immersion, then the map #x, — Yk, is finite (see Remark 6.5.9 for
the former and Theorem 7.2.2 for the latter). From this, one checks that, if .7, admits the de Jong
extension property, then so does .Yk, .

Remark 8.1.5 (Lifting the extension property along central covers). In fact, when G; — G35 is a
central cover, ., — Sk, is finite étale onto its image, and one sees that the de Jong extension
property for .k, implies the extension property for any curve mapping into the image of .7k, in .k, .
By varying the element g € G, (A’}) giving the map of tuples, one finds using Remark 6.3.7 that, if
Sk, satisfies the de Jong extension property, then so does Yk, .

Remark 8.1.6. The extension property is automatic if Shy admits a proper ICM Sk over O (..

Remark 8.1.7 (Extension property for pre-abelian type ICMs). The extension property holds for
the Siegel Shimura datum by results of de Jong [20, Corollaries 1.2 and 2.5]. Using Remarks 8.1.4
and 8.1.5, one sees that it also holds for all ICMs for unramified Shimura tuples of pre-abelian type.

Theorem H is now implied by combining Remarks 8.1.6and 8.1.7 with the following result:

Theorem 8.1.8. Suppose that (G,G, X, K) admits an ICM over O, satisfying the de Jong exten-
sion property. Then, for all 1 < n < 0o, the map of formal Artin stacks

Ix — BT e

is surjective, and smooth for finite n.
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Proof. Note that, for every finite n, the classifying map 5/’% — BTgC"“’“ is a formally smooth map of
smooth formal Artin stacks over O, and is therefore smooth.

By smoothness, the map |5”;| — |BTY""#| of the underlying topological spaces is open, and its
surjectivity amounts to saying that its image intersects every connected component and that its image
is closed under specialization. The first is easy, since BTY "™# is connected (see Theorem 3.1.5).

For the surjectivity, observe the following consequence of Theorem 8.1.1: the truncation map
|BTg;"“'“ — |BTgC"“’”| is a homeomorphism for n sufficiently large. Thus, to complete the proof, it
is sufficient to know that the map |L§/”;<| — |BTg;"““\ has image closed under specialization, and this
is immediate from the de Jong extension property. d

8.2. Non-emptiness of strata. Throughout the following, .#, will be an ICM (crystalline, limpid,
or étale) for an unramified Shimura tuple (G, G, X, K) over Og ().

Construction 8.2.1 (Newton strata). By Construction 3.3.2, for any perfect k(v)-algebra R, we
obtain canonical maps

(8.2.1.1) Sk (R) — BTY*(R) — Tsoca(R).

For any class [b] € B(G), this gives a topological subspace .7k [b] C .7k ® k(v) defined by the property
that, for any perfect field x, the x-points of .k contained in this subset are the ones whose image
under the composition of (8.2.1.1) with the natural map Isocg(R) — B(G) is [b]. We call Kk [b] the
Newton stratum associated with [b]. Newton strata do form a stratification by [84, Theorem 3.6].

The next result proves Theorem J.
Theorem 8.2.2. The Newton stratum Sk [b] is non-empty if and only if [b] € B(Gg , -pv)-

Proof. By Lemma 7.1.9, every special point z: Spec F' — Shg extends to a map Spec O, () — Sk for
some place w|v of F. The argument in [51, Proposition 1.3.10] then gives the desired conclusion. O

Remark 8.2.3. If (G, G, X, K) satisfies the de Jong extension property, then, by Theorem H, it suffices
to verify that there exists Q € BTY 7 (F,) with [bg] = [b]. This follows from Lemma 3.3.4.

Definition 8.2.4. Consider the composition of maps
Tk @ k(v) = BTY ™ @ k(v) — G°-zip_,,,

of k(v)-stacks. The target admits a stratification by smooth locally closed substacks as in Remark 3.5.4.
An Ekedahl-Oort stratum of .k ® k(v) is the pre-image of any such stratum under the above map.

Proposition 8.2.5. Suppose that Sk satisfies the de Jong extension property. Then every Ekedahl-
Oort stratum of Sk @ k(v) is non-empty.

Proof. Given the surjectivity of the syntomic realization (Theorem H), this comes down to the surjec-
tivity assertion in Proposition 3.5.5. g

8.3. Applications to cohomology. In this subsection, we explicitly state the obvious cohomological
results about integral canonical models which follow from the results of §2.5. See loc. cit. for the
terminology and notation used below.

Notation 8.3.1. Let #x be an ICM for (G,G, X, K). For a Z,representation A of G we write
Et (A) for the Zy-local system on Shg given by (A)gt, . We uniquely extend this to an association
V = Etg (V) for V € Repg, (G°) so that Et i (A)[!/p] when V = A[1/p].

Similarly, denote by Syny (A) the F-gauge on 5/”;{ obtained by pulling back the universal F-gauge
along the syntomic realization w: 5/”} — BTg:"“"’ and twisting A by it. Finally, we shorten the
notation T (Syny (A)) to Crysj;(A). We again uniquely extend this to associations V ~ Syn (V)

and V + Crys}; (V) in the obvious way.
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Proposition 8.3.2. Suppose that ¥ is a proper ICM over O, (., and let C' denote a completed alge-
braic closure of E,. Then, for alli > 0 and Q,-representations V of G¢, the Gal(E, /E,)-representation
Hgt(ShK ®C, EtK(V)) is crystalline and there is a natural identification of filtered F-isocrystals:

Dcrys

S

H (Shg ® C, EtK(V))> ~ Hlo o ((Z) /W (E(0))erys, Crysf (V).

N

n < oo we have a natural identification
Tee(Rf«(Btx(A)/p")) = R(fy)+Ter(Syn g (A)/p").

Proposition 8.3.3. Fiz notation as in Proposition 8.3.2. For alli > 0 we have a natural identification

Moreover, for all 1

Hj (H;’t (Shx ® C, EtK(V))> ~ H' (02", R f.Syng(V)).

8.4. Integral canonical models for Shimura stacks. In this subsection, we will drop the assump-
tion that K be neat, but still assume that (G, G, X, K) is an unramified tuple. In this generality, Shy
is a Deligne-Mumford stack and not necessarily a scheme over E. However, we still have the map
Shg — Locg(z,) classifying the local system Et .

Definition 8.4.1 (Stacky integral canonical models). A stacky limpid (resp. stacky étale) ICM
for Shx over O (. is a separated Deligne-Mumford stack .7} of finite type over O (,) with generic
fiber Shg such that, for some neat compact open subgroup K’ C K with KI') = K, normalization of
Sk in Shg is a limpid (resp. étale) ICM for Shi/. As before, if the context is agnostic to the type,
we will simply call ., a stacky ICM for Sh.

We can now collect the properties of stacky ICMs.

Remark 8.4.2 (Serre-Tate property for stacky ICMS). If Sk is a stacky ICM for Shg, by Corol-
lary 4.1.6, we see that there is an extension . — BTg;"““’ang of the classifying map for Etg ;,, whose
p-adic completion is formally étale.

Remark 8.4.3 (Mapping property for stacky ICMs). Using étale descent, the mapping property
from Theorem 6.5.4 holds verbatim for stacky ICMs, and one can even take ) to be an excellent
separated 7-normal Deligne-Mumford stack over O (,,), with the following caveat: One has to impose
the condition that, for each ¢ # p, the restriction of Etx ; over ), extends to a Kj-local system over
Y represented by pro-algebraic spaces over O ().

As a consequence, we get the following generalization of Corollaries 6.5.7 and 6.5.8:

Proposition 8.4.4 (Uniqueness and functoriality for stacky ICMs). Stacky ICMs are unique up to
unique isomorphism and are functorial for maps of unramified tuples.

Proposition 8.4.5 (Existence of stacky ICMs). Suppose that for some neat open subgroup K' C K
with K' = K/’pr, Shg admits an ICM Sk over O () in the sense of Definition 6.5.1. Then Shy
admits a stacky ICM over O (). Therefore:

(1) If p is large enough, then Shy admits a stacky étale ICM over O, ().
(2) Assume that either (G, X) is of abelian type, p > 2 and (G, X) is of pre-abelian type, or p is
large enough and G* is anisotropic. Then Shy admits a stacky limpid ICM over O (v)-

Proof. The map Shg+ — Shg is a finite Galois cover of Deligne-Mumford stacks over E. Let A be its
Galois group: the action of A on Shg/ extends to an action on %k by Theorem 6.5.4 and the fact
that Etg- p, is A-equivariant. Therefore, we can set .7 = [#x//A]: This is a Deligne-Mumford stack
over O (), and is clearly a stacky ICM for Shg by construction. 0
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8.5. Integral canonical models over global rings of integers.

Setup 8.5.1. We drop our fixed prime p. Instead, we take an open subgroup K C G(Ay) and define
Ek to be the set of primes ¢ such that K N G(Qy) is not hyperspecial. For S O ZEk a set of primes,
there exists a reductive group scheme G over Z[S~!] with G%(Z,)) = K,, for p ¢ S. We write G for
the quotient of G° by the Zariski closure of Z(G)qe.

Remark 8.5.2. If G admits a reductive model Gz over Z, and we take K = gZ(Z), then = is empty.
For instance if G = GSpy o, then we can take Gz = GSpy, 5. In this case, the associated Shimura
stack Shx is the moduli stack A, g over Q of principally polarized abelian varieties of dimension g.

Definition 8.5.3 (Global integral canonical models). Let S be a set of primes containing ZEx. An
integral model ¥ for Shx over Or[S™!] is a (stacky) limpid (resp. (stacky) étale) integral
canonical model for Shg if, for every p ¢ S and every place v|p of E, .Yk ®¢, Op, () is a (stacky)
limpid (resp. (stacky) étale) integral canonical model for Shx over O (.. Either type of model will
be referred to as a (stacky) integral canonical model or ICM.

Let us list some results concerning these global ICMs that follow easily from the local versions. The
version of these results for global stacky ICMs are formulated and proven similarly.

Proposition 8.5.4 (Mapping property for global ICMs). Let Y be an excellent separated normal
Deligne—Mumford stack flat over Og[S~!] with generic fiber Y over E. Suppose that we are given a
map f:Y — Shi with the following properties:

(1) For every prime p ¢ S and every v|p, the map Y — Locgs.e(z,) classifying Etk ;, extends to a

s,
Gy, o=t alg
00 .

map Y ®¢y Op,v) — BT
(2) For all primes ¢, the K§-local system Etg ¢y extends to a Kg-local system on Y[¢~1] repre-
sented by pro-algebraic spaces over Op ().

Then f extends to a map Y — Sk .

Proposition 8.5.5 (Uniqueness and functoriality for global ICMs). An ICM %k over Og[S™!] is
determined uniquely up to unique isomorphism. In fact, for a map f: (G1,X1) — (G2, X2) of Shimura
data with f(K1) C Ko, and ICMs S¥, over Og,[S™1], the canonical map Shy, — Shyg, @, E1 extends
to a map

S, = Tk, Dop, Og,.

Theorem 8.5.6 (Existence of global ICMs). The following statements hold.
(1) If (G, X) is of pre-abelian type, then Shx admits an integral model S over Og[Z5'] that is
both a limpid and étale ICM.
(2) In general, Shx admits an étale ICM over Og[S™] for some large enough set of primes S
containing Zx . This model is also proper and a limpid ICM if G* is anisotropic.

Remark 8.5.7 (Global ICMs of Hodge type). Suppose that (G, X) is of Hodge type and that we have
an embedding (G, X) < (GSp(V), S*(V)) into a Siegel Shimura datum associated with a symplectic
space V over Q. Then the proof of Theorem C shows that the global (stacky) ICM .k for Sh is
obtained by taking the normalization of a moduli stack of polarized abelian varieties over €z[S™1] in
Shg. In particular, Ay, the stack of principally polarized abelian varieties, is a global stacky ICM for
its generic fiber.

Remark 8.5.8 (Global ICMs of abelian type). For Shimura varieties of abelian type, a version of
statement (1) in the theorem above is due to Lovering [64]. His proof amounts to a careful finite-level
analysis of a combination of Deligne’s quotient construction from [21] with Kisin’s twisting construction
from [49], whereas the result here is an immediate consequence of our local characterization of ICMs
at finite level.
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Remark 8.5.9 (Automorphic bundles over global ICMs). Let Grx be the projective homogeneous
G-equivariant variety over E parameterizing parabolic subgroups of G of type {-u}. This has a natural
integral model Grf( over Og[S™!] defined in the same fashion using parabolic subgroups of G%. The
Hodge-filtered de Rham realizations from Construction 6.4.5 for varying places v|p with p ¢ S can be
glued together to get a canonical map

Sk — Gry /G5,

As in Remark 6.4.8, for any finite extension F'/E and any parabolic subgroup P C g;;’,F of type {-u},
a functor from representations of P to vector bundles over .k ®4, Or. In the abelian-type case, this
recovers the construction of Lovering [64].

8.6. Integral canonical models at parahoric level. Here we explain that any unramified Shimura
datum (G, G, X) which admits an étale integral canonical automatically admits a Pappas—Rapoport
integral canonical model as studied in [78]. We then apply results of Takaya from [92] to obtain
Pappas—Rapoport integral canonical models for subhyperspecial (e.g., Iwahori) level. Finally, we give
an analogue of the mapping property from Theorem 6.5.4 in this parahoric situation.

Notation 8.6.1. In the following we denote by Perf 4, for a p-adically complete ring A, the category
of characteristic p perfectoid spaces S equipped with a map S — Spd(A4). For any other undefined
piece of notation or terminology, we direct the reader to the comprehensive discussion in [78, §2-3].

Definition 8.6.2 (Tame local Shimura datum). A tame local Shimura datum is a triple (G, b, {¢})
where G is a parahoric group Z,-scheme with generic fiber G, {u} is a conjugacy class of minuscule
cocharacters of G , and b is an element of G(Q,) inducing an element of B(G,-u).

P

Definition 8.6.3 (Local Shimura variety). Given a tame local Shimura datum (G, b, {u}) with reflex
field F', we obtain a presheaf

Mign’tb,{u}: Perfﬁp — Set,

assigning to S — Spd(&) the set of isomorphism classes of tuples (S*, 2, ¢,i,), where:

e S is the untilt of S over 0} associated with S — Spd(&;),
o (2,65) is a G-shtuka on S with one leg along S* bounded by {u} (see [78, Definition 2.4.3]).

By [88, §25.1], the presheaf Migr‘tb’{#} is a small v-sheaf (in the sense of [86, Definition 12.1]), which is
called the integral local Shimura variety associated to the tame local Shimura datum (G, b, {u}).

Definition 8.6.4 (Tame Shimura datum/tuple). A tame Shimura datum is a triple (G, G, X) where
(G, X) is a Shimura datum and § is a parahoric model of Gg,. A tame Shimura tuple is a quadruple
(G,G,X,K) where (G,G,X) is a tame Shimura datum and K C G(Ay) is a compact open subgroup
with K = K,K? and where K, = G(Z,). We say (G, G, X, K) is neat if K is.

Remark 8.6.5. Fix a neat tame Shimura tuple (G, G, X, K) with reflex field E and a place v of F of
lying over p. In the following we shall abusively write Shyx for Shx (G, X)p,. We will write {u,} for
the conjugacy class of G@p determined by the Hodge cocharacter of (G, X).

As in Construction 6.1.7 for one may build proétale G°(Z,)-torsor Etg , on Shi. Here G is the
parahoric model of G¢ induced by the parahoric model G of G (e.g., see [18, §4.1]). As in the reductive

case, we treat {1, } also as a conjugacy class of cocharacters of G% .
P

Definition 8.6.6 (Generic shtuka associated to a tame Shimura datum). We denote by Pk g, the
G¢-shtuka bounded by {-p, } on Sh% — Spd(E) defined by Uy (Etg ) with notation as in [39, §3.2.2].

Construction 8.6.7 (Formal neighborhoods of local Shimura varieties associated to k(v)-points of an
integral model of Shi). Let .k be flat normal &g, -model of Shy equipped with an extension Yk of
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Pk g, t0 Y;g/ (see [78, Defintion 2.1.9]).3 For any point = of . (k(v)), the pullback z* Zx defines
a G°shtuka over Spd(k(v)) which by [78, Example 2.4.9] naturally determines an object (P, ¢) of
BTY " (k(v)) and by Construction 3.3.2 an element b, in G(Qp) inducing an element of B(G°,-u,).

The triple (G, by, {tty }) defines a tame local Shimura datum, and we can consider the integral local
Shimura variety Mig“f,bm, (i} Moreover, the pair (P,,id) determines a point xg of the affine Deligne—

Lusztig set Xge (b, ;1) (k(v)) (e.g., as in [78, Definition 3.3.1]), and so a point of ig“f’bz){#v}(k(v)) via
the identification given in [30, Proposition 2.61.(1)]. One may then consider the formal neighborhood

(Mlélf by {u,,})?mo as in [31, Definition 4.18].

Definition 8.6.8 (Pappas—Rapoport integral models). Fix a tame Shimura datum (G, G, X). Then,
a system { .k} of normal flat O, -models of Shg, as one ranges over all sufficiently small neat tame
Shimura tuples (G, G, X, K), is a Pappas—Rapoport integral canonical model for (G, G, X) if it
satisfies conditions (i), (ii), (iii) and (iv) of [18, Definition 4.3].
A Pappas—Rapoport integral canonical model is crystalline if, for any K, and for any complete

discrete valuation field F with perfect residue field over E,,, the following are equivalent for € Shy (F):

(1) xz € Ik (OF);

(2) Etg p|, is crystalline;

(3) Etg p|s is potentially crystalline.

Proposition 8.6.9. Suppose that (G, G, X) is an unramified Shimura datum admitting an étale ICM
Sk for sufficiently small neat unramified Shimura tuple (G,G, X, K). Then:

(1) The collection {-ZKk} is a Pappas—Rapoport integral canonical model for (G,G, X).

(2) If (G,G,X) is a crystalline ICM, then the Pappas—Rapoport integral model { Sk} is crystalline.

Proof. For (1), we check the conditions from [18, Definition 4.3]. For Condition (i), see Remark 6.5.11.
Condition (ii) follows from the definition of an étale ICM. For condition (iii), observe each .} carries
a prismatic F-crystal in the sense of [39, Definition 3.18] with de Rham local system Etg ,. Thus,
applying the shtuka realization functor from [39, Construction 3.19] to this prismatic F-crystal yields a
shtuka g on y}?/' That Zx models P g is clear as (P ) g is (by definition) Ush (Etk ) = Pk 5.
Finally, to check (iv), we may use the formal étaleness of the syntomic realization z and [41, Proposition
3.32] (see also [28, §10.2]) to reduce ourselves to constructing an isomorphism

. /\ ~Y
O, (Mé‘f,bw,{u“}>/zo — Spt(Rg,(yu,});

where the target is as in loc. cit., and with the property that pullback of &k on the target is the
universal G°-shtuka on the source. But, this is the content of [42, Theorem 5.3.5].
Moreover, (2) is now immediate from the definition of a crystalline ICM. O

Definition 8.6.10 (Subhyperspecial parahoric). Let F/Q, be a finite extension and let H be a
reductive group over F'. A subgroup of H(F) is called subhyperspecial parahoric if it is a parahoric
subgroup in the sense of [43, Definition 4.1.4] contained in H (&) for a reductive &p-model H of H.

Remark 8.6.11 (Explicit description of subhyperspecial parahorics). For a reductive model H of
H over O, the subhyperspecial parahorics contained in H(Og) are precisely those of the form
red”(P(k)) where k is the residue field of F, P C Hy, is a parabolic subgroup, and

red: H(Op) — H(k)

is the reduction map. Equivalently, the subhyperspecial parahoric subgroups of H(K) are H'(0k) for
a parahoric group Ok-scheme H' (see [18, Definition 2.6]) obtained as the dilatation (see [43, §A.5])
of a reductive &p-model H along a parabolic subgroup P C Hi. We call these Ox-models H' of H
parabolic dilatations of H. We will just call #’ a parabolic dilatation if A is implicit.

34Note that Pk is necessarily bounded by {u} by [16, Lemma 2.1].
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Example 8.6.12 (Iwahoris are subhyperspecial). Considering red™!(B(k)) for B C H;, a Borel sub-
group we obtain the (or more precisely a) Iwahori subgroup of H(F') as in [43, Defintion 4.1.3].

Proposition 8.6.13. Let (G, G, X) be an unramified Shimura datum satisfying (SV5)3> and admitting
étale (resp. étale and crystalline) ICMs. Then, for any parabolic dilatation G’ of G, the tame Shimura
datum (G, G’, X) admits a Pappas—Rapoport integral canonical model (resp. crystalline such model).

Proof. This is immediate from Proposition 8.6.9 and [92, Theorem 6.20]. O

Corollary 8.6.14. Suppose that (G,G',X) is a tame parahoric Shimura datum with G a parabolic
dilatation. Suppose further that either:

(1) (G,X) is of abelian-type;

(2) (G,X) is of pre-abelian type and p > 2;

(8) p is sufficiently large and G is anisotropic mod center.

Then, (G,G’', X) admits a crystalline Pappas—Rapoport integral canonical model.

Remark 8.6.15 (Agreement with Kisin—Pappas—Zhou). When (G, G’, X) is of abelian type and p > 3
the models constructed by Corollary 8.6.14 agree with the Kisin—Pappas—Zhou models constructed in
[48] and [52]. Indeed, this follows from the unicity of Pappas—Rapoport integral canonical models (see
[78, Theorem 4.3.1]) and the results of [18], building on previous work from [78], [17], and [16].

Definition 8.6.16 (Moduli stack of (G, u)-shtukas). Let notation be as in Definition 8.6.3. We denote
by Shtg 1,3 the v-stack on Perf s, associating to S — Spd(&r) the groupoid of G-shtukas over S with
leg along S* bounded by {u}.

The proof of the following result is along the same lines as that of Theorem 6.5.4. One has to replace
the use of Theorem 4.1.5 with [78, Theorem 2.7.7], as well as use [88, Proposition 18.4.1].

Theorem 8.6.17. Let (G, G, X) be a tame Shimura datum which admits a crystalline Pappas—Rapoport
integral canonical model { Sk} over Og,. Suppose that X is a flat, n-normal algebraic space of finite
type over Og,. Then a map X, — Shg extends to a map X — Sk if and only if the composition
X7§> — Sh$ — Shtg (-u,} lifts to a map X0/ — Shtg (-, }-
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